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I[MosicHuTe/IbHASL 3alMCKA
[IpakTHyeckne 3aHATHA CIIYXKaT CBA3YIOIIUM 3BEHOM MEXAY TEOpueu u
npakTukod. OHHM HEOOXOMWMBI IS 3aKpPEIJICHUS TEOPETHUECKUX 3HAHUH,
MOJIYYCHHBIX Ha YpOKaxX TEOPEeTUYECKOro OOy4deHHs, a TaK >Ke JJIA MOJIy4eHUS
MpaKTUYECKUX 3HaHuWi.  [IpakTudeckue 3alaHusl BBINOJIHSAIOTCA CTYJECHTOM
CaMOCTOSITEJIbHO, C MPUMEHEHUEM 3HAHWU U YMEHHH, MOJYYEHHBIX Ha YpOKax, a
TaK € C HCIOJb30BAHUEM HEOOXOJIUMBIX TMOSICHEHUH,  TMOJYYEHHBIX OT
MPEIOJIaBaTeNIl IPU BBINOJHEHUN MPAKTAYECKOro 3amanus. K mpakthuueckomy
3aHSATUIO OT CTyJAEHTa TpeOyeTcs MpeABapUTEbHAasl IMOJATOTOBKA, KOTOPYIO OH
JIOJDKEH IIPOBECTH  MEPEN 3aHsTHeM. CHOHCOK JIUTEpaTypbl U  BOMPOCHI,
HEOOXOJMMbIC TPU TOATOTOBKE, CTYJCHT TMOJydaeT TMepea 3aHATHEM U3
METOJIMYECKUX PEKOMEHIAAINM K IPAKTUYECKOMY 3aHSTHUIO.
[IpakTuueckue 3aganus pazpaboTaHbl B COOTBETCTBUU C YU€OHOM IIPOrPaMMOA.
B 3aBucuMocTM OT COAEpX aHHWs OHM MOTYT BBIIOJHATHCA CTYJICHTAMHU
WHJUBUYAIbHO WK (DPOHTAIBHO.
3a4eT MO KaXJIOM NPaKTUUECKOM pabdoTe CTYJIEHT IodydaeT Imocie eé
BBIIIOJIHEHUS M MPEAOCTABICHUS B [E€YaTHOM WM DJJIEKTPOHHOM  BHJE,
oopMIICHUSI OTYETa B KOTOPOM YKa3bIBaeT MOJTYYCHHBIC 3HAHUS U YMEHUS B XOJIC
BBITIOJTHEHUS MPAaKTUYECKOM paldoThl, a TakKe OTBETOB Ha  BOIPOCHI

npenoaaBaTciiid, CCJIN TaAKOBBIC BOSHHUKHYT IIPH IIPOBCPKC BBHINIOJHCHHOI'O 3alaHuAd.



Ilpakmuuecxas paboma Nel
Tema: OyHKUUM OHOU NIEPEMEHHOM U UX CBONCTBA.
Hean: chopmMupoBaTh yMEHHE HCHOJIB30BaTh CBOWCTBA (YHKIMH IS €€

HCCIICOAOBAHN:A, pCUIATh 3aa49U U YIIPAKHCHHUA 110 I[&HHOﬁ TCMC.

TeopeTquCKHe CBCIACHHUA K HpaKTI/I‘IeCKOﬁ paﬁoTe

Ecnu kaxmoMmy 3J€MEHTY X U3 MHOXECTBa X IO HEKoTopomy mpaBwiy f
IIOCTaBJICH B COOTBETCTBHE 3JCMEHT y MHOXecTBaY, TO TOBOPAT, 4YTO Ha
MHOXeCTBe X ompefencHa (QYHKIUS CO 3HAYCHHSIMH B MHOXeECTBE Y, H
3anuchiBaioT Y=F(x).

MnuoxxectBo X HaspBaeTcsi ooOsacteio ompeneinenus ¢yaknuun D(f), a
MHOXeCTBO Y — 00sacThio 3HaueHui pynakiun E(f).

Ilpumep 1. Haiitu o0nacTh onpeneneHus: GpyHKIUN

15
Dy=—
)Y X+6
X+6=0
X #—6
D(y) = (—o0;—6) U (-6;0)
X+13
Ay=—-"—"—
)Y x*—7x+12
X+13 X+13

Yo% T 7x112 (x=3)(x-4)
X-3#0 x—-4=0

X#3 Xx#4

D(y) = (—%;3)U(3;4)U(4;»)
3)y=+/x?-81

x*-81>0

(x=9)(x+9)>0

D(y) = (~o0;-9] U [9;0)

OcHOBHBIE CBOWMCTBA (PYHKIUU:

1. YetHocTh ¥ HeueTHOCTh. DyHkuus Y=f(X) Ha3bIBacTCS YETHOM, €CIM IS
Mr0OBIX 3HaYeHMH X w3 obmactu ompenencHus f(-x)=f(X), u Ha3pBaceTCs
HeuetHou, ecmu  f(-xX)=-f(x). B mnporuBnom caydae ¢yukuus Yy=Ff(x)
Ha3bIBaeTCs PyHKUIMENH 00LIeTo BUA.



Ilpumep 2. Y CTaHOBUTH YETHOCTh WJIM HEUETHOCTH (DYHKIIUU.

)y=x*+6

y(=X) = (—x)2 +6=x"+6=y(X)

= Qyukyus uyemmuas

2)y =sin X+ 2X

y(—x)=sin(—x)+2(-x) =—sin x—2x =—(sin x+ 2x) = —y(x)

= QyuKkyus HeyemHas

X+2
3)y =
)y x> —16
(-x)+2  —x+2
y(_x): 2 )
(-x) -16 x"-16

= @yukyus obwezo euoa

2. MonotonHocTh. DyHKIMs Y=f(X) Ha3bpIBacTCs Bo3pacraroliei (YObIBaIOIICH)
Ha HEKOTOPOM MPOMEXYTKe X U3 00JIACTH OMPEACICHHsI, €CIU OONbIIeMy
3HAUYCHHUIO apryMeHTa W3 JTOT0 IPOMEKYTKAa COOTBETCTBYET OOJIbIICe
(MeHbliIee) 3HaUeHUE (QYHKIUU.

3. OrpannuenHoctb. Dynkiusa Y=f(X) Ha3pIBaeTCA OrpaHHYCHHON Ha
HEKOTOPOM TPOMEXKYTKE X M3 00JacTH OMpeAesieHus, €CIU CYIIECTBYET
amcno M>0, takoe, uto |f (X)| <M ms moboro xe X .

4. Tlepuoamunocth. DyHkius Y=f(X) Ha3pIBaeTCSA MEPUOIUICCKON C TICPUOTIOM

T>0, ecnmu ans MOOBIX 3HAYCHWH X M3 obnactu omnpenenenus F(x+T)=f(x-
T)=f(x).

Ecnu KaXJI0MYy 3HAUYCHHIO LCEHBI [P 3a CIAMHUIY TOBapa IIOCTABJICHO B

COOTBCTCTBHUEC 4YHCIO ( — KOJIMYCCTBO TOBapa, KOTOPOE HOTpe6I/ITeJ'II/I T'OTOBBI

KY[IUTh IO JAHHOW IIEHE 3a ONPEIEIICHHBIA MPOMEXYTOK BPEMEHH, TO TOBOPST,

91O 3a/1aHa PyHKIUs cripoca, u muiryt q=Ff(p).

Ota QyHKIMA onpeseneHa JUld TeX 3HadeHuil p=0, it KoTophix f(p)>0 u

MHOKECTBO €€ 3HAa4YCHUH ¢ >0.

['padux ¢pyHKIMM cripoca HAa3BIBAIOT KPUBOM CIIpOCa.

Ilpumep 3. yHKIHUS CIIpOCca HA HEKOTOPBIN TOBap MMeeT BUI (=60—,/100+ p, rae

( — KOJIM4eCTBO ToBapa (ThIC. IIT.); P — IIeHa eauHUILI ToBapa (py0.). Tpedyercs

HAUTHU:

e (OOnacTh ONpeAeseHus] © MHOYKECTBO 3HaYE€HUN ATOU PYHKIIMU



e ®DyukuuIo neHsl B BUae p=f(q)
e OO0BeM cripoca mpH 1eHax Ha ToBap: p, =300; p, =800
e [leny 3a equHuny TOBapa, eciu g, =10;q, =15,

e BpIpyuKy IpOoJaBLOB B K&K/IOM U3 3THUX CIIy4aeB.

Pemenue: 1) [lomyunm cucteMy HEpaBEHCTB:
p=>0 p=0 p=>0 p>0

100+ p=0 = p>-100 = p>-100 = 1{p>-100= 0< p<3500

60—/100+ p >0 J100+ p <60 100+ p <3600 p <3500
D( f)=[0;3500]

Bripa3um 3HaueHue p uepes q:

J100+p =60
100+ p =(60-q)’
100+ p = 36001209 + g
p =qg° -120q+3500
p>0, g°-120q+3500>0
ge (—oo;SO]u[70;oo)
q>0, qe[0;50]U[70;)
N3 3akoHa cnpoca cieayer, 4To ¢ YBEIMYEHUEM LEHBbI P OT Hyas no 3500
pyO. cripoc noykeH najaatk. B Hamem ciydae GyHKIMS (| yObIBa€T B IPOMEKYTKE
q€[0;50], cmemoBaTensHO, MHOXKECTBO 3HaueHMH (yHKIn E( f)e[0;50].

1) dyuKIMS HEHBI UIMEET BUI P = q° —120q + 3500

p, =300=> g, = 60—+/100+300 = 60— 20 = 40 (mbzc.mm.);

2)
p, =800=> ¢, =60—+/100+800 =60-30=30 (meicum.);
3) 0, =10= p, =100-120-10+3500 = 2400 ( py6.);

q, =15=> p, = 225-120-15+3500=1925 ( py6.).

4) BpIpyuka OT IPOAAXKH COCTABIISCT U = pq, CJICAOBATEIIBLHO,

u, = p, -, = 2400-10 = 24000(py6.)
u, = p, -0, =1925-15 = 28875(py6.)

Ecan KaXXIOMY 3HAYCHHUIO IICHBI p 3a CAUWHUIY TOBadpa IIOCTABJICHO B
COOTBCTCTBHUEC YHUCJIO ( — KOJIMYECTBO TOBapa, KOTOPOC MNPOU3BOAUTECIN T'OTOBBI



IPOJAaTh MO JIAaHHOM LIEHE 32 ONpPEICJICHHBI MPOMEXYTOK BPEMEHHU, TO TOBOPSIT,
4TO 3a/1aHa PYHKIUS MPETIOKESHHS, U UAITYT =(p).

Ota (yHKIUs ompeeneHa A TeX 3Ha4eHui p >0, 1711 KOTopsIX ¢(p)=0 n

MHOECTBO €€ 3HaUYCHUH (>0.
Ipumep 4. OyHKUUSA TPEATIOKEHUS HEKOTOPOTO TOBapa Ha PHIHKE MMEET
1 2
BU/T q:§(p— 2)’ -1, rae ( — KOJMYECTBO MpeajaraeMoro ToBapa (ThIC. IIT.); P —
IIeHa eIUHMITLI ToBapa (pyo.). Tpedyercs HalTH:
e (OO6nacTp ornpenencHus] © MHOKECTBO 3HaYCHUM (PyHKINU (

e OO0BeM IpensioKeHus MpU 1eHax 3a eAUHUILY ToBapa: p, =11 p, =20

e 3aBUCHMMOCTb II€HBI 3a €IAUHUIY TOBapa OT o0BeMa cmpoca, T.€.
dynxmI0 p=907(0Q)

Pemenue: 1) Haiinem obnactb onpenencHus:

%(p—Z)Z—lzo
(p—2)2-9>0
(p—2-3)(p-2+3)=0

(p-5)(p+1)=0
p & (—o0;—1]U[5;)
Tk.p=20= p€[5;00)

MHoxecTBO 3Ha4eHnH GyHKIUK ( IpH p =5 Oyner qe[0;+x).
p, =1Lq, :%(11—2)2 ~1=9-1=8(moic.um.)

1) Tlpu .
p, =20;q, = 3 (20-2)*-1=36-1= 35(mbzc.mm.)

o1
2) Haiinem dynxkumo P =% (@)



1
==(p-2)* -1
q 9(p )

é(p—2)2=q+l

(p-2)*=9(q+1)
p—2==%,/9(q+1)
p—2:4_r3\/(qu)
p:2+3\/(qu) p:2—3\/(qu)
Txp>5 p=2+3(g+1)

Conep:kaHue NpakTH4ecKoOil padoThI:

3apanme 1. Haiitu obnacte onpenenenus GyHKIUH

by 324X
Y= x—8)(x+9)
29-—x
2 =
)Y X% +15x
4x
Jy=— "~
)Y X* —5Xx+6

4)y =+/x* -100
5)y =log,(x-3)

_ x+2
6)y_(x—3)(x+1)

3ananue 2. YCTaHOBUTH YETHOCTD UM HEYETHOCTh (DYHKIIUH.
Dy=x*-x*+3
2)y =

3)y =—sinx—4x
4)y =e*+12

x> +9

X2 +2
5)y =———.cos X
)Y x?—16

6)y =tgx—2x

3aganne 3. a) OyHKIHUA CIIPOCa Ha HEKOTOPHIA TOBAP UMEET BUJ (= 70—/250+p,

rae  — KOJIMYECTBO ToBapa (ThIC. IIT.); P — IIeHa eAuHHIBI ToBapa (pyo.).
TpeOyercst HaliTH:

e (OO6nacTh ONpeAeseHns] U MHOYKECTBO 3HaYE€HUN ATOU PyHKIIMU



o DyHKIMIO LeHbI B BUe p=f ()

O6bem crpoca npu LieHax Ha ToBap: p, =150; p, =650

[leny 3a ennHUIy TOBapa, eciu ¢, =15;q, =20,

Bripyuky nposaBIOB B KaXJOM U3 OTHX CIy4YacB.

0) OyHKIHUS crpoca Ha HEKOTOPBIN ToBap uMmeeT Bua (=40—,/50+p, T7e (

— KOJMYECTBO TOBapa (ThIC. IIT.); P — II€HA €AWHHUII ToBapa (pyo.).
Tpebyercs HaUTH:

e (OOnacTh onpeaeseHus] U MHOYKECTBO 3HaUYE€HUN 3TOU PYHKIIUU

o OyHKIHIO LEHs B BUAe p=f *(0)

O0bem crpoca npu LieHax Ha ToBap: p, =175; p, =350

e |leny 3a equHuny ToBapa, eciu ¢, =10;0, =30,

BI)IpyLIKy IIPpOAAaBIOB B KAXKIAOM U3 5THX CIIYUACB.

3ananme 4. a) OyHKUUS NPEIJIOKEHNUI HEKOTOPOrO TOBapa Ha PHIHKE UMEET BH]I
q :%(p—s)2 —1, rie ( — KOJMYECTBO IpeaaraeMoro toBapa (ThIC. LIT.); P — I€HA
eauHUIIBI ToBapa (pyo.). Tpebyercs HaiiTu:

e OO06nacTh ONpeAeICHUs U MHOXXECTBO 3HaYeHUMN QyHKIIUH (]

e OO0BeM IpeasioKEeHUs PH 1IeHaX 3a eAUHUILy ToBapa: p, =7;p, =11

e 3aBHMCHMMOCTH IIEHBI 3a €IUHUIy TOBapa OT o0bema crpoca, T.e.
byHKIIIO P=0(q)
0) @DyHKIUS NPEUIOKEHUS HEKOTOPOTO TOBapa HAa pPHIHKE HMEET BUJ
q :%(p—S)2 -1, T ( — KOJIMYECTBO MpeJjIaraeMoro Torapa (ThIC. HIT.); P —
1ieHa euHUIBI ToBapa (pyo.). Tpebyercs HaifTh:
e OO06nacTh ONpeACIICHUS U MHOXXECTBO 3HAYCHUHN (HyHKIINHU (]

e OO0beM mpensIoKeHUs MpH IIeHax 3a eAUHUILY ToBapa: p, =37;p, =53

e 3aBHMCHMMOCTH IICHBI 3a €IUHUIy TOBapa OT o0bema crpoca, T.e.
dynxmo p=¢™(q)



lIpaxmuueckas paboma Ne2
Tema: I[Ipeaesa mocjie10BaTeJbHOCTH U NPeaest PyHKIUH.
Hean: chopMmupoBaTh yMEHHE HAXOAWTH MPEACIBl MOCICIOBATEIHPHOCTEH U
npenensl GyHKIuH.
Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe
[Iycts  cymecTByeT  MOCIENOBATEIBHOCTh  JICMCTBUTEIBHBIX  YHCEI
{a,eR:n>1}.
Uucno a Ha3pIBaeTCs MPENEIIOM MOCIEA0BATENIBHOCTH
,li_rga” =acR<Ve>0 dn,eN
vn>n, |a,-al<e
n®+6n-5

Iim—————
IIpumep 1. Beruucmuth npegen ">=10n° —8n* +2

(148 -3
. n*+6n-5 ) n> nd 1
Pewenue lim— - =lim =
n~=10n° —8n” + 2 n»wng(lo_s 2) 10

7+7
n n

n*-2n+3
im——
n->=12n° +4n° -1
Ilpumep 2. Beraucnurthb npeaen

2 n3(1_22+33j
n“—2n+3 lim n n

Im 3 > = n = =
Pewernue n>o12n° +4n° -1 noe n3 (12_'_4_];) 12

n n
. n*+6
lim
n—e7n—8
Ilpumep 3. Beraucnurthb npeen
6
2
. n*+6 . n(1+F 1
lim =lim =—=0
Pewenue "> n—=8 > Z(Z 8, 0
n n’

Iim(\/2n +8 —m)

Ilpumep 4. Beraucnutsb npengen "



Pewenue

(\/2n+8—\/n—1)(\/2n+8 +»\/n—1) ((\/2”*'8)2—(\/”—1)2)

lim(v/2n+8 - Vn—1) =lim (Ven+8+n-1) =lim (V2n+8+n-1) -
9
(2n+8)—(n-1) 2n+8-n+1 . n+9 n(“n)

=lim =lim =lim =lim

= (Van+8+n-1) ™ (Van+8+Jn-1) " (J2n+8+n-1) ( an(2+8)+an(1_

Yucno A HaseBaloT npederom ¢gyukyuu f(X) mpm X — X, (M mHOIyT

lim f (x)=A), ecnmu mist mroboro € >0 Haigercs uncno 6 >0, 3aBucsiiee oT ,

X—>Xp
Takoe, YTO Il BCEX X#X;, YAOBICTBOPSIOLMX YCIOBHIO |X—Xo|<3,

BEITIOJTHSCTCSI HEPABEHCTBO | f(x)— A| <E.

TGOpeMBI O Ipcaciiax:

1. limc=c (c=const).

X—>Xp

2. B lim £(x)= A, limo(x) =B, To:
X—)XO

Im(T(x) £ o(x)) = lim 1 (x) £ imo(x) = A+ B;
Im(T (x)9(x)) = lim £ (x)-im o(x) = AB;

lim f
- f(x)_ xlfxO () :é, (B #0).
x=>% (X) )!l_[?o o(x) B

Yto0b! HaiiT mpeaen sneMentapaoi Gyukiuu lim f (X), HyxHO npeaensHOe
X—Xo

3HAYEHUE apryMeHTa MOJCTaBUTh B (PYHKUHMIO M mocuuTarh. llpu 3Tom, eciu x=x

NPUHAUICKUT O0JIacTH ompeneieHus (QYHKIWW, TO 3HA4YeHHWE TMpenena Oyjaer



HalJICHO, OHO PaBHO 3HAYEHUIO (PYHKIMU B TOUKE X=Xo. [Ipy BbIUMCICHNH TIPEIETIOB

MOJIE3HO MCMOJB30BaTh cilenyromume cootHomenus. Ecmu c=const, ¢c#0, C= oo,

TO, YYUTHIBas CBOMCTBA 0.0. 1 6.M. PyHKIINH, TOTyIUM:

0 C o0 . .
=50 = >0 ——0w0 cow—w.c0—>0; a° >0,ecml<a<la” — o, ecmma>l.

C 0 C

Cnyyan, B KOTOPBIX TMOJICTAHOBKA MPEAEIbHOIO 3HAYCHUS aprymMeHTa
B (GYHKIHWIO HE JaeT 3HAYCHHs TMpefeiia, Ha3bIBAIOT HEOMPEICICHHOCTIMHU;

K HUM OTHOCATCA HeOHpeI[eJIeHHOCTI/I BHUIOB:
) O 0 0 0
(—j; (—j; (0-0); (00—00); (17); (07); (07).
o0 0

2x% +15

Ilpumep 5. e
Beraucnute npenen *110x° -4

o 2x3+15 .. 2.1*+15 2+15 17
Peuwenue lim > =lim > = =
1102 -4 110-12—4 10-4 6

. x*-16
IIpumep 6. lim—————
Berauciuth npegen x4 x° —5x+4

016 5l (a)(xrd) | (ced) | (444)

Pewieriie i X —5x14 o8 (x_B)(x—1) i (x_1) 4 (4-1)

w | oo

fim V2% +8 /23X
Ilpumep 7. Beraucnuts npegen *° X=5

Pewenue

N B m"m (V2x+8-23=x)(v2x+8 +23—x) )

x5 X—5 x5 (x—5)(J2x+8+\/23—x)

((N/2x+8)2—(«/23—x)2)_Iim ((2x+8)—(23-x)) i (2x+8-23+x)

im -
x5 (x—5)(\/2x+8+\/23—x) x5 (x—5)<\/2x+8+\/23—x) x5 (x—5)(\/2x+8+\/23—x)

. (3x-15) _ 3(x-5) _ 3
=lim =lim =lim =
5 (x=5)(V2x+8++28-x) 7 (x-5)(V2x+8+/23-x) **(V2x+8+23-x)
3 3 3 3 1 122 22 2

(V25+8+23-5) (\/1_8+«/1_8):2\/1_8: 232 242 2222 42 4




Coaep:xxaHue NpaKTH4eCKOi padoThl

3amanue 1. BeruucnuTh npeaensl nocie10BaTeIbHOCTE!

D lim 20+ 2 lim3=2" 3)lim10n+3
now 3N+5 noo N+6 now  14+2nN

_n)2 2 2 _1)\2

4)“m4n+16 5)Iim(3 n)2+(3+n)2 6)“m(n+1)2+(n 1)2

9n e (3—n)°—(3+n) e (N=1)°—(n+1)

n—o

3[3 _ 3 2
LGl g)ljm _—1000" +1 9)lim(\/an—7 -\n+2)

7)lim >
100n° +16n N0

n—ow n n—o

3ananue 2. Beraucnuth npenensl GyHKITHA:

(-4

x4+ 2x% —3x o x3-3x-2 .
Dlim———— ) lim———— 3)lim
)Hlo X3 —3x% + X )Hll X% + X )Hlo x?
(Vi+2x=3) _  x2gxi2 o (x) P+ (x-1)°
S)lim————  6)lim > 5
(x—1)*=(x+1)

HliMm——r——=
) '\/——2 x—1 X -1 x—1

Xx—4

3@+ ox— 3_15y2 Jax—7 —x+2
X*+2x-1 8)IimX 15x° + X 9)Iim( : )
X_

X+ 2 x>0 18x% +15x Xo>2

7)lim

X—>—2



Ipaxmuueckas paboma No3
Tema: 3ameuaresibHbIC NIPEAEJIbI.
Heab: chopmupoBaTh yMEHUE MCHOIb30BaTh 3aMedaTeIbHbIE MPEneibl Jis
HAXOKIEHUS IPEIEIIOB.

Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe

. . .. sinX
Iepswiil samevamenvuwiti npeden. lim—-—=1.
x=0 X

Bmopoti 3ameuamenvusiii npeden (uucno e =2,718...):
1

lim(1+1/x)* = wm lim(L+ X)* =e.

X—»00 X

3ameuamenvHole npedeﬂbz J

im®~%_Ina lim& 11
Xx—0 X Xx—0 X
. In(1+x .
||m(—) =1 ||mwz|ogae
x—0 X x—0 X
o A+ x) -1
Ilm( ) =q
Xx—0 X
. 5sin8x
lim
IIpumep 1. Beraucnute npegen *>°  6X
H
. 5sin8xL%  5sin8x-8 5-8 40 20
lim———— =1im = - =
Pewenue *° 60X x>0 6-8X 6 6 3
. In(1+5x
||mg
Ilpumep 2. Beruncauts npegen x>0 X

H
IimIn(1+5x) ° Iim5In(1+5x)
Pewenue *° X x>0 SX

1

lim(1+ 5x)3
IIpumep 3. Beraucauts npegen *°



1 1] 1,1
lim(1+5x)3 = lim(1+ 5x)>
Pewenue *° X0

Hm(SxiL] 5
3 — eHO 3x) _ e3

2 X
. [ X +4
Ilpumep 4. BeraucauTh npeaen IIm[ J

oo X% 41
Pewenue
1” X
X ) (w2 4143 ”
I > =lim| ——— =lim| 1+ > =
x—oo| X° 4 X—>00 X _|_1 X—>0 X _|_1
‘ X*# 3
3 X241
1 _ T N
=lim| 1+ — =lim| 1+ — gl gl —gt =]
X—>00 X + X—>0 X _|_

3apanme: Boeruncnuth npeaensl GQyHKINNA, UCTIONb3Ys 3aMeUaTelbHbIE MPEAEIIbI:

2 x4 X x+1
1) lim| X3 2)Iim(x—+1j 3)Iim(2x+3j
X—>%0 X X—00 x-1 X—>% 2X+1

_ oL __In(1+sinx 3P -
4)lim (1+10x°)" 5)lim MAFSINX) g 13X —5x
X0 X0 sin4x x>0 SIN4X

7)Iim@ 8)IimM 9)|imm

x>0 TgX x>0 4darctg3x 0 SiNX- X



Ilpakmuuecxas paboma No4
Tema: HenpepbIBHOCTH (DYHKIIMM, TOYKH Pa3pbiBa.
Hean: chopmupoBaTh yMEHUE UCCIIEIOBATh (DYHKIIMIO HA HEMPEPHIBHOCTH U
HaJIMyue TOYEK pa3pbiBa, ONPEAEIISTh POJ TOUEK pa3phIBa.
Teopernueckne cBeleHUs] K NPAKTUYECKOM padoTe

OyHKIHS y=f(x) Ha3bIBACTCS Henpepul8HOll

8 mouKe Xg, €CJIM OHA: 1) ompejieneHa B TOUKE Xp; 2) UMEET KOHECUHBIN Mpeien npu
X—>X,; 3) D3TOT mpelen paBeH 3HAuYeHUIO (QyHKOUM B 3TOM  TOYKe

lim £ (x) = f (x,).
X—>Xg

@yHKIHS HA3bIBAETCS HENIPEPBIBHOM, ECIIH:

1) limif =0 Of = f(x,+I1x)— f(x,)

[Ix—0

2) Ve>0 35>0 [x—x|<d = [f()-f(x)|<e

3) lim f (x)=f(x,)

X—>Xp

@yHKIMS Ha3bIBACTCA HENMPEPBIBHOM HA HEKOTOPOM NPOMEXKYTKE X, €CIIM OHA
HEIIPEPBIBHA B KAXOU TOYKE 3TOr0 IPOMEKYTKA.

Ipumep 1: Jlokaszats, uto pyukius f (X) = 3x°—2X+1 HenpepbIBHA Ha (-00;+00)
Pewenue:
0f = (3(XO+D X)* =2 (X, +1X) +1) —(3Xy" = 2%+ 1) =3X,”+ X1 X+ 3% = 2X, — 2IX+1-3X, +2X,~1=
= 6X, X+ 31X — 21X
lim f = lim (6x,1x+31x* —20x)=0

Ix—0

Ux—0

Touka xo Ha3bIBa€TCSI TOYKOM pa3phiBa (DYHKIIMH, €CIM B ITOM TOUKE HE
BBITIOJIHEHO XOTsI Obl OJHO W3 ycnoBui 1—3 HempepwiBHOCTH (yHKIMH. Bce
aJieMeHTapHble (YHKIIUU HETIPEPHIBHBI BO BCEX TOUYKAX, IJIE OHU ONPEICICHBI.

Knaccugpurayus mouex paspuvisa:

1) Xo— TOYKa YCTPAaHUMOTO pa3pbiBa, €CJIH a) IimO f(x)= Iim0 f(x) = f(x,)
X—>Xo—! X—>Xo+
0) B TOUKE Xo (DYHKIIMS HE OIpesesieHa
2) xo— Touka pa3psiBa | pona, eciu IimO f(x) = IimO f(x)
X—>Xg— X—>Xg+
h=f(x,+0)— f(x,—0) - ckauok QPyHKIIMU

3) Xg — Touka paspeiBa |l poma, ecnmu XoTrs OBl OJUH W3 OJHOCTOPOHHHUX
MPEIesIOB paBeH OECKOHEYHOCTH WIIH HE CYIIECTBYET



Ipumep 2:
Haiitu Touku pa3psiBa GyHKIIMN U YCTAHOBUTH UX THII
x> +1,x<1
a)y=f(X)=9 0,x=1
X+1,x>1
lim (x*+1)=2

x—1-0

lim (x+1)=2

x—1+0

f(1)=0

= XO =1 mouka ycmpaHumoeo — paspelea
x?,x<1

X—2,x>1

6)y:f(x)={

lim x* =1 lim (x-2)=-1

x—1-0 x—1+0
= X, =1 mouxka paspwisa I pooa
h=-1-1=-2

1

6)y =2x"

ES 1 1
lim 2% = |im 201 =27 =2—w=0

x—1-0 x—1-0
1
lim2<1=2"=w

x—1+0

= X, =1 mouxa paspwiea I pooa

Conep:xanue NpakTHYeCKOH PadoThI
3ananme 1. Jlokazatb, 4T0 QYHKIHS SBISETCS HEMPEPHIBHOMN
a)f(X)=x+9
6)f(x)=x>+8
8)f(X) =2x°+6x-5
2) f(X) =10x*-12x
3aganue 2. Haiity TOUKM pa3pbiBa U YCTAHOBUTD UX THII

- ", x<0
a)y=f(X)=7 0,x=0

e, x>0
Dy=re9="2

1
6)y=f(X)=¢e*?
COS X

2)y=f(X)ZT



lIpaxmuueckas paboma Ne5

Tema: [IpousBoanas GyHKUMM.

Hean: chopmMupoBaTh yMEHNE HAXOAUTH MPOU3BOAHBIC (DYHKIIMMA, 3aJaHHBIX B
SIBHOM, JIOTAapU(DMHUYECKOM U IMapaMETPHUUYECKOM BHJIC, HaXOJIUTh MPOU3BOIHBIC
CJIOKHBIX (DYHKITHH.

Teopernueckne cBeleHUs1 K NPAKTHYECKOH padoTe

IIpouszeéoonoit  gynxyuu Y= T(X) HaspiBaeTCs KOHEUHBIA Ipenel
orHomrenuss mnpupamenus ¢yakuun  Af = f(X+AX)— f(X) x npupamenuro

HE3aBUCUMOU HepeMeHHOﬁ AX IIpu CTPCMIICHHHU ITOCJICIHCTO K HYJIIO!:

y'= = lim2Y = fjm LA =109
Ax—0 A Ax—0 AX '

(1)
O0603HauYCHHS TTPOU3BOIHOM B TOUKE Xo:

df (%)
dx

!

, d ,
(%), d_i , Yy Y(X,) ugpyrue.

Xo

Xo
Ecim dynkums B Touke Xxo (WM Ha TPOMEXyTKe X) MMEET KOHEUHYIO
MPOU3BOJIHYI0, TO (DYHKIMS HA3BIBACTCS dughgepenyupyemoi 8 amot mouxe (A
Ha MPOMEXYTKE X).
ITporecc oThICKaHMS TPOU3BOIHOM HA3BIBACTCS Oughghepenyuposanuem.

lIpasuna oughghepenyuposanus

Ne [U = u(x), V=V(x) —|[Ne U = u(x), V=V(X) —
nn | nudpdepenuupyemoie pynkuun  |[nn | nuddepenunpyembie pyHKIIMN
., IIpounsBonHas CJIO’KHOU
utv)=u=v
N VI |y y = Fu], y' = £
I | (uv) =uv+uyv ®dyHKIMA 3a7aHa MapaMeTpuyec-

KNMH YPaBHCHHUAMU

VI '
11 | (cu) =cu’, c=const {X:X(t), y':ﬂzi_
y=y@®) 7 dx x




\Y (Ej LYY v(x) = 0) Eemn y=f(x) n x=17(y) —
v v V||| | B33MMHO oOpaTHble (PYHKIIHH,
vV (Cj, _ ¢y c=const TO X, :i,, (y, #0).
v) V2 (v(x)=0) Yx
Dopmynvl Ouggheperyuposaniss OCHOBHBIX IEMEHMAPHBIX PYHKYULL
Ne | c=const, X — HEe3aBHCHUMAs NIepeMeHHas,
o | U= u(x) — nuddepeniupyemast GyHKIUS
1 |C=0 9 | (cosu) =-sinuu’
U
2 |x=1 10 | (tgu)' = —
cos " u
3 | W) =autu 11 | (ctgu)' = ——=;
SIin“u
4 | (@) =a"Inau’ 12 | (arcsinu)’ = — ; Ju[<1
—u
!/ u, .
5 | (") =e"V 13 | (arccosu)’ =— = \u\<1
Vi-u
,_ U U
6 | (log,u) = (u>0) 14 | (arctgu)’'= -
ulna 1+
, U , u’
7 | (Inu)=— (u>0) 15 | (arcctgu)' =— >
u 1+u
8 | (sinu) =cosuu’

Ilpumep 1. Hailitu mpou3BoaHbIE (DYHKIIMIA:

a) y:3x5+%/x_2—i3; 6) s=(e' —2Int)sint; 6) u =ct93%: 2) 2
X

Pewenue.

_arctg2t
1+4t%




a) Ucnone3ys npasuna |, 11 u popmyny (3), momyunm:

y' =3 + %% —4/x%) =30 + (x*2) - 4(x?) =

=35x" + 2yus_ 4(-3x™) =15x" + 2,12
3 3¥x  x*

0) Vcnonb3ys mpasuia auddepeHiupoBanus npousBeneHus (ynxmuii 11,

paszHoctu |, popmyinsl (5), (7), (8) u yuutsiBasi, 94To He3aBUCUMAs TIEpEMEHHAs €CTh

t, T. e. t=1, momyumum: [ |
s=[(e' - 2Int)sint] = (¢' — 2Int)'sint + (' — 2Int)(sint)' =
(") —2(Int))sint + (e' —2Int)cost = (e‘ —%)sint +(e' - 2Int)cost.

8) CnoxHass cTeneHHas (byHK]_II/IH, HE3aBHUCHUMas IICPpEMEHHas €CTb V,

T. €. V=1;[] ucnonw3ys ¢popmyiy (3), HOTydUM:

u':{(ctg j}:Z(ctg!j(ctng :2(ctg j 3) |-
3 3 3)| sinzV
1 Vv Vv
= 2ctg— COS—
_ootgY| -3 |- —3__ 2773
3| sin? 3sin2y  3sin®Y
3 3

2) Hcnonezys mpaBuna auddepeniupoBanus yactHoro |V, cymmer |, |l

u popmyisl (3), (14), yuutsiBas, uro t=1, nomyuum: [

L (arctg 2t J' _ (arctg2t)'(1+ 4t%) — (arctg2t)(L + 4t%)’

1+ 4t? (L+ 4t%)?
(2t)’ 2
_Leaf (1+ 4t°) —arctg2t(0 + 4-2t) _ 2-starctg2t

(1+ 4t%)? (1+ 4t%)?



Ilpumep 2. HaiiTu npous3BogHYIO Y., €clM (YHKLUUS 3ajJaHa IapaMmer-

X =In(5-2t)
PUYECKU:
y =arctg(5-— 2t).
Ucnons3yem npasuio VIl y, = lt,
,_(5-2ty -2
5-2t 5-2t
, (5-2t) —2
Yo = 2= 2"
1+(5-2t)° 1+(5-2t)
, —2 —2 5-2t 5—-2t
Yx

T14(5-2t)7 5-2t 1+(5-2t)7 47 —20t+26

Ilpumep 3. Haittn mnpowmsBoaHylo (yHKIuH Y =X J0rapuMuUIecKum

nuddepeHpoBaHueM

y=x"
Iny=Inx*
Iny=x-Inx
(Iny)':(x-lnx)'
:1-Inx+x-E
X

=Inx+1

< <. <<

y(Inx+1)

x*-(Inx+1)

< <

Conep:xanue NnpakTHYECKO padoThI

3ananme 1. Haiitu mpousBoanbie 1-r0 mopsiaka JaHHBIX QYHKIIHMA

1) a)Y=3X3—£7—4‘/X_5; 6)s = (1+¢°)(2—3arcctgr); e)uzlns\é; 2)2:5_S‘:tn3t.
X e

2) a)y=5x——+ 3 0)s=(4-3In0) 5+ 2sin0); 6)u=sin*(2V +3); 2)z=—sén(?_3tt)'
X ~In



3) a)y:7x2+%—§/x_2;

4) a)y =5x* tE

5) a)y=x5—£+2i/¢; 6)s =t"(4+arctgr); 6)u=cos’(3V +1); 2)z=
X

6) a)y=x‘+-2%x;
X

3

6)s = (3+1tgr)(A—4ctgr); 6)u

6)s = (3—cost)(5+6sins); )u=Y1—-4V?; 2)z= :

\/_6)5—(3t —4)(¢—2cost); 6)u=In*(5V-3); 2)z =

=1g* @AV +2); 2)z=

3 3t

—e

arcos2t

_ In(4-5t)
sint

t —arcsin 5t

e—t

arctg2t
1+4t2

3ananue 2. Haiitu npousBogHyto Y, ¢yHkimm Y=y (X), 3aJaHHON TapaMeTPHUYECKU:

{

3amanue 3.

X = X(t)
y=y(t)

1) X =Ssin2t

X = cos(2t +6)
y =sin(2t + 6)

b
|
o
b
b

N

)

><
('D

Haiitn MIPOU3BOAHYIO

mpdepenmposannem: 1) y=(sinx)”

2) y=(cosx)'
3) y=x""

4) y=(sinx)"™
5) y=x*"

6) y=(tgx)""

byHKIIMN

Jorapu@mMuIecKuM



IIpaxmuueckas paboma Ne6
Tema: I'eoMeTpu4ecKri CMBbICJI IPOU3BOJTHOM.
Hean: chopmMupoBaTh yMEHUE COCTABIISITh YPAaBHEHHE KacaTeIbHONW U HOpMaJTH
K rpaduky GyHKIHMA, 3HATh T€OMETPUUECKUI CMBICI TPOU3BOIHOM.
Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe
T'eomempuueckuti cmolci NPOU380OHOI.
i =0 1 Eciu kpuBasg 3amaHa ypasHenueMm Y= f(X),

Tto f'(X,)=1tgo.— yrnoBoi KO3 PULIHEHT KacaTeIbHOM

f(%) o(%,Y,) Krpabuxy dynkimu B 5108 Touke (K =tgo = f'(x,)).

VpaBuenue KacarenpHOM K KpuBoit Y= f(X)

B TOUKE X (nipsimasi MyT) umeeT BUJI;

y= (%) + /(%) (x=x%),

1)
a ypaBHenue Hopmanu (MyN):

y= f(xo)—ﬁ(x—xo). @)

Ilpumep: CocCTaBUTh ypaBHEHUE KacaTelIbHOM W HOPMAIM K KPUBOU

y=+ x* — 3 B TOuKe ¢ abCIMCCoi xg=2.

Hcnonb3yem ypaBHeHus KacaTenbHO# (1) u HopMmanu (2):

1) y(x) =y(2)=v2* -3 =1,

2) V()= (¢ -3 = 2 =3 2 ~3) = (4 ~3) 22x=—2—;
X*—3

2

y’(Xo) = y'(2) = \/ﬂ

[MoacraBum X, Y(X%,), Y'(X,) B ypaBHeHus u nomyunm: Y =1+42(X—2),

=2.

win 2X—Y—3=0 — ypaBHeHHe KacaTeIbHOM.



yzl—%(x—Z), win X+ 2y —4=0— ypaBHeHHE HOPMAJIH.

Conep:kaHue NpakTHYeCKOH padoThI

3aganue: CocTaBUTh ypaBHEHHE KacaTeIbHOW U HOPMaIH K KpuBo# y=f(X) B Touke
¢ abcImccoii xy.

x*—3

1)

2) N5-x2, x, =2.

X% +3x
3) 3 %

, % =1.

4) Jx+2x, X, =0.

6) V1+3x, X, =1.



Ilpakmuuecxas paboma Ne 7
Tema: IIpousBoaHasi BHICIIMX MOPAAKOB.
Hean: chopmupoBaTh yMEHNE HAXOAUTH MTPOU3BO/IHBIC BBICIIIUX MTOPSIIKOB.
Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe
Ilpouseoonoii N-20 nopsdka Ha3bIBAETCS MPOU3BOAHAS OT MPOU3BOIHOM (N—
1)-ro nopsiKa. [IpousBoaHbIC BBICIITNX MOPSJIKOB BBIYHCIISIOTCS

nocie0BaTeIbHbIM AU PEpEeHIINPOBAHNEM JAHHON (QYHKITHH.

d?y

[TpousBomuas Broporo nopsaka Y =(y') wm —-.

dx?

d’y

=(y") wm prvey U T. .

n

[IponsBoaHas TPETHETO MOPSAAKA Y

Ipumep: HaiiTi mpou3BOAHYIO BTOPOro nopsaka GpyHkimu Y = X° In X,
Pewenue. y"=(y'), moaromy HaiinéM NPOW3BOJHYIO IEPBOTO IMOPSIKA,

a 3aTCM BTOPOIO.

y' =(x*Inx)" = (x*) Inx+ x*(In x)':2x-lnx+x21:2xlnx+ X =x(2Inx +1).
X

y' =(X@2Inx+1) =x'(2Inx+1) + x(2Inx+1)'=2Inx +1+ XE: 2Inx+3.
X

Coaep:xxanue NpakTUYeCKOM padoThI

3apanme. Haiitu mpousBoaHyo BTroporo nopsaka ¢pyukmun y=Ff(x).
1) y=Inx+9
2) y=cosx—Inx
3) y =sinx+x*
4) y =x*+sinx
5) y=x+Inx

6) y=23e"+2x



Ilpakxmuuecxas paboma Ne 8
Tema: Juddepenuuan pyskumnu.
Hean: chopmupoBaTh yMeHHE HaxX0AUTh AuddepeHnrana GyHKIIM.

Teoperuueckue cBeleHUsI K MPAKTHYECKOI padoTe
IO muddepennmana  ¢yuxkuun Y =Y(X) copasemmBa  (opmyia
dy = y'(x)dx, T. e. nuddepennnan GyHKINH paBeH MPOU3BEICHUIO TPOU3BOTHON

oT pyHKIMKM Ha nUdPepeHIan He3aBUCUMON TIEPEMEHHOM.
Ilpumep 1. Hatitu nuddepenunanb QyHKITUN:
a) Y=X+C0S2X; 6) u=3+e*; ) s=In3t.
Pewenue.
a) dy = (X+cos2x)'dx = (1—sin2x-2)dx = (1— 2sin 2x)dx.
6) du=(3+e ") dx=e"(-1)dx =—e *dx.

6) ds = (In3tydt = S gt = 3 gt =Lt
3t 3t t

ConepkaHue NpaKTHYECKOH padoThI

3apanue: Haittu nuddepenmanst GyHKImii:
1) y=sin2x+5;
2) y=Inx—x°;
3) y=4+8sinx;
4) y=2x-1.
5) y=1-cosx;

6) y=10-3x



Ipaxmuuecxas paboma Ne9
Tema: IIpaBuio Jlonurans.
Heab: cdopMupoBarh yMeHue IpUMEHATh npaBwio Jlonwransa mis
HAXOXKICHUS IIPEIEIIOB.

TeopeTquCKHe CBCIACHHUA K HpaKTI/I‘IeCKOﬁ paﬁoTe

Ilpasuno Jlonumans. Ilpenen oTHoOIIeHUs ABYX O.M. (%j i 6.0. (fj

0

GyHKUMA paBeH TMpeAeny OTHOIICHHWS WX MPOU3BOAHBIX (KOHEUHOMY WM

OECKOHEYHOMY), €CJIU TIOCIEHUI CYIIECTBYET:

f(x) f'(x)

Iim——~%=1Iim —.
=% @(X) =% @'(X)

()

YtoObl  wucmosb3oBaTh  mpaBuiao  Jlomurans — s pacKphITHS
HEOMNpPEAENEHHOCTEN APYrUX THUIOB, BBIPAKEHHUE MOJI 3HAKOM IMpeaena CleayeT
npeoOpa3oBaTh  AJIEMEHTapHBIMM  CHOcOOaMHM  TakK,  4YTOObl  TOJYYUTh

HEOIPEIeICHHOCTD (g) W (2) 1 3aT€M HUCII0JIb30BaTh hopmyiy (5).
o0

Ilpumep: Hantun npenensl, UCNOAb3ysS MNpaBwio Jlonurans wmum

AJIEMEHTAapPHBIE CIIOCOOBI PACKPBITHS HEONPEACIEHHOCTEH:

. AP+ 2x-3 _ 2X° +15x+ 7.
a) lim——s,——;, lim — ;
x>0 X +6 x>-1 X° +5x-14

Pewenue.

a) lloncraBinsst B pyHKIMIO BMECTO X MPEETbHOE 3HAUEHUE 00, OMPENEIuM

npeacia YUCINTCIIA U SHAMCHATCIIA.

Iim(4x3+2x—3)=Iimx3(4+%—%j:oo-4=oo, T. K. %—>O, %—>0.
X—>0 X—>0 X X X X

Amnanornyso: lim(x® +6) = .

X—>»00



o0
Nmeem HEONIPEACIICHHOCTh B A (—j . HCHOJIB?;YCM IMpaBnJIO Jlonurans:
o0

4 +2x-3 . (X +2x=3) . 12x*+2 (o
lim————=Iim > ——=lim =l —|=
X—>00 X°+6 X—0 (X +6) X—0 2X o0
2 '
im32X 4D i 2% 1oy = oo,
X—>00 (2)()’ x—o D X—>00
2 o 2 |
) mn2ﬁ445x+7:4”n2(71+45(7y+7:(9j:
x>1 X2 4+5x—14 7 (=7)?+5(-7)-14 |0

_ (2x*+15x+7) . 4x+15 . 4(-7)+15 -13 13
= lim-— ~=lim ———=lim = =—.
x>7 (Xx“+5x-14)" x>7 2x+5 x>72(-1)+5 -9 9

ConepkaHue NpaKTHYECKOH padoThI

3apanue: Haittu npenensl, ncnonb3ys npasuio Jlonurans.

-5x
2y im& L.
x-0 arctg X

3) lim—92%_
x=01 —COS X

6X* —5x+1

4) lim
x—1/3 1-3x

5) lim— )
x-0 §in 3X

2_ —
6) limX_—X—2
x—2 X—2



Ipaxmuueckas paboma Nel()
Tema: HeomnpenejaeHHbIN MHTErPaJl.
Hean: chopmupoBaTh yMEHUE BBIYUCIATH HEONPEICICHHBICE HWHTErPalibl,
WCIIOJIB3Ysd HEMOCPEACTBEHHOE MHTETPUPOBAHUSA U METO/I 3AMEHBI IEPEMEHHOM.
Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe

Oynkuus  F(X), ompenenenHas Ha wuHTepsane (a,b), HasbiBaercs
nepeoobpasnou nns Gyrxuun f (X), onpeneneHHol Ha ToM ke uHTepBaie (a,b),
ec F'(x) = f(x).

Ecmu F(x) — mepBooGpasuas st ¢ynkuun f(X), 1o moGas apyras
nepBoobpasuast @(x)mrst dyskumn f(x) ommmuaercs or F(X) Ha Hekoropoe
MOCTOSIHHOE caraemoe, T. e. @(x)=F(x)+C, rae C —const.

Heonpedenennvin — unmezparom ot dyskimn  f(X)  HassBaercs
COBOKYIIHOCTh BCEX II€PBOOOpAasHBIX Ui 5Toii  (QyHkimuu. OG6Go3HAuYaeTcs
HEONpE/IEICHHBII HHTETPAa:; I f(x)dx=F(x)+C, rue F'(x)= f(x), C —const.

Omneparsi HaX0XKACHUI MEPBOOOPa3HOM ISl TaHHOW (DYHKIIMHM HA3bIBACTCS
unmezpuposanuem. VIHTerpupoBaHue SBISIETCS OOpaTHOW  omepanuend K

i pepeHInpOBaHUIO:

([ £ (x)ee) =t (x).

JIns  NpoOBEpKM  MPABWIBHOCTH  BBIIIOJHEHHOIO  MHTETPUPOBAHUS
HeoOxoaumo mnpoaudepeHpoBaTh pe3yabTaT HUHTETPUPOBAHUS U CPAaBHUTH
MOJIYYEHHYIO (PYHKIUIO C MOABIHTErPAILHOM.

CBoiicTBa HEOIPEACICHHOIO HHTETpaIa:
1. (I f (x)dx)’ = f (x); d_[ f(x)dx = f(x)dx;
2. IdF(x): F(x)+C;

3. [kf (x)dx =K/ f(x)dx, k — const;



4. (f(x)+a(x

10.

12. [

14. ( =
‘u‘—-a° 2a

16.

18.

Kaxnas U3 npuBeneHHBIX B Tabiuile (GopMyJ CIipaBeIiIuBa Ha MIPOMEKYTKE,
HE COJIEpKallieM TOYEK pa3pbiBa TMOJBIHTErpaibHOM GyHKIUU. Beraucinenue
WHTETPAJIOB C UCIIOJb30BaHUEM TAaOJUIIBI W OCHOBHBIX CBOMCTB Ha3bIBAIOT
HENOCPEACTBEHHBIM HHTETPUPOBAHUEM.

Ilpumep 1. Tlonp3ysicb TaOnuile OCHOBHBIX HMHTETPAJIOB U CBOMCTBAMU

HEONPEJICJICHHOr0 HHTErpalia, HaTH HWHTErpajibl (pe3ysbTaT WHTErPUPOBAHUS

u®du =

Jsinu

* COSu

dx I x)dx+jg

Ta6fzu14a OCHOBHbIX UHmMezpalos

[0du = C; C=const;

a+l

u
o+l

+C, a=#-1

— =Inju|+C;

*u

e'du=e"+C;

. |sinudu =-cosu +C;

e du

=—ctgu +C;

du
=Inju+

du

2

1 u-—a
_|n_
u+a

2 4

+C;

-d_u:m +C,

:ctg udu = Insinu|+C.

npoBeputh nudpepeHnrpoBaHuem):

a)j[ e

3x +1

Pewenue.

u®+a?

+C;

+29/x_5)dx; 6).[[ S +3.5%

2. jdu:u+C;

du _
3&IJFZZJJ+C’

5. Ja“du= Iia

u

+C;

7._[cosudu=sinu+C;

u
=arcsin— + C;

11JJ____

13. J.uchaz :iarctg§+c;

—|+C;

15. [ i)

17. jtgu du =—In|cosu|+C;

16 — x?
+ dx.
11x°+2 4+ X



5 3X3+1 6/..5 o 5 3 1 5/6 _
a)I[\/X2+7_ X4 +2\/X_]dX—J‘(ﬁ—;—7+2X dx =

HUCTIOJIb3yeM cBOMcTBa 314 M pa300beM UHTETrpaJl OT CyMMBI

=4 QyHKIIMM Ha CyMMY HHTETPAJIOB, ITPH 3TOM IOCTOSIHHBIE =
MHO>XHUTEIN BBIHECEM 32 3HAaK MHTETPaJIOB

— BI— — | xdx + ZI x¥edx = {

HCIIOJIb3YyEM Ta6J'II/I‘~IHI:IC}

uHTerpansl 12,4, 3

=5I dx
NXE+7
X74+1 X5/6+l
:5In‘x+\/x2+7—3ln|x|— +2- +C=

—4+1 5/6+1

=5In‘x+\/x2+7 —3In|x|+3—13+%x”/6+c.
X

IIposepxa:
[5In‘x+\/x + ‘ 3In|x|+ 1]/6+C) (In‘x+\/x2+7j -
—3(In|x|)' +l(X73) +—(X1]/6) . ¢ Jucnonesyem dbopmyIibl _
3 11 4, 3, 1 Tabnuubl IPOU3BOJIHBIX
, L (x2+7),
é 2 I S
:5<X+ X +7) _3.14_%(_3))(73714_2.&.X1]/671:5.2—X2_'_7_
x+x%+7 x 3 11 6 X+Nx2+7
1+ X
—E—%+2x5/6:5 x2+7_3X34+l+26/X5:5 X2 +7 +x B
X X X+x2+7 X (x+«/x2+7)\/x2+7
3 3
_3x 4+1+26/X5 _ 5 _3x 4+1+26FX5—BepHo.
X Ix2+7 X
5 16— x? dx
6)[[——7;——~+3-5X4— T | 5j—————————n+3j5 dbx +
+ X
11x°+2 11 x2+ £
11
4—x)(4+X 5 dx
+j( ) )dx:— > +3I5de+4jdx—jxdx:

4+x 11 >
2

X+ | —

[Vll

{I/ICHOHLS}’GM bhopmyITbI

13, 5, 2, 3 TabGauIre I/IHTeraJ'IOB} 11 \/7

arctg

J__ |n5

1+1 X
+4x—X—+C_iarctg\/ﬁx+35—+4x——+c
1+1 J22 2 In5 2

IIposepxa:



5 11 5" 1, ) s 11 )
——1qarctg,|—xX+3—+4x—=x"+C | =—=| arctg,|—X | +
22 2" s 2 22 2

+i(5x)f +4X,_%(X2)f o :{I/ICHOHBB}/CM dopmyusr 14, 5,2, 3, 1}:

In5 TaOIUILIBI TPOU3BOIHBIX
( “XJ 11
5 \\2 3 1. ,, 5 P
= +—.5%In5+4-1-=2x**= : +
J22 1,11 2 In5 2 V22 241157
2 2
4355 phox= V112 +3-5X+(4_X)(4+X):
V1142 2(2+11¢°) 4+ x
2
__ 2+3-5X+16 X — BEPHO.
2+11x 4+X

Memoo 3amenvl nepemeHHOl

Teopema 1. Tlycts X = @(t) MoHOTOHHAs, HENPEPBIBHO A PepeHIupyemas
byHKUMS, TOTIa
[ £09dx= [ f (p(t) (). (1)
IIpu 5TOM, eciu j f (p(t)e'(t))dt = F(t) +C, o j f (x)dx = F(y(x)) +C, rae

W (X) — dynkmms, ooparHas ¢(t).

@opmyna (1) HaszbiBaerca  Qopmynon  3ameHvbl  nepemMeHHOU B
HEONPEEIEHHOM HHTETpalIe.

Aneopumm 3amenvt nepemenHou:

1) CBsizaTh cTapyro MEPEeMEHHYI0O UHTETPUPOBAHUS X C HOBOW NEPEMEHHOM

t ¢ momomkro 3amensr X =@(t).

2) Haiitu cBsi3b Mexay nuddepenimanamu dx = ¢'(t)dt .

3) IlepeiiTi o 3HAKOM MHTErpalia K HOBOU MEPEMEHHOM.

4) IlpounTerpupoBaTh U B IOJIyYEHHOU MTEPBOOOPA3HON BEPHYTHCS K CTapOi

nepeMeHHoi, moacrasus t=y(X).

Ilpumep 2. ITpouHTErprpOBaTH MOIXOAAIIEH 3aMEHON TTEpEMEHHOM.



Q) ICOS4xdx; 0) Iegx+1dx; 6)Ix(2—x2)5dx

Pewenue:

t =4x it 1 dbopmymna 7
a) j cosdxdx = |dt = (4x)' = 4dx| = J c:osszt = J COStdt = { TaGTHIBI
dx — dt UHTErPaIoB
4
= 1sint +C =lsin4x+C.
4 4
t=9x+1 g 1 dbopmyna 6
6) j >y =|dt = (9x +1)' = 9dx| = j el Et =3 j eldt ={ rabmmpr b=
dx — dt UHTETPaIoB
9
= %et el

Coaep:xanue NpakTHYECKON padoThI

3apanue 1. BerayucauTs MHTETpaIbI.

4
2 J‘(x2116_xx:5+3\/;]dx J.(

2
) 5 2x +10+49/x_5}dxj

V3+x? X

o[ 2+4/x 2 )
3). . —m+4e de j
8 6+ X%
L
2
5) | 4%X2+4XX3_1—2§/x_3}dx f

3
6 | M_g,yx—s}jx

cos? X

25 +7X—szxjdx
5x“+5 COS X
2
22 pox X 4 dx
2X°+2 X+2
2
12 2—3003x+x J dx
3+3x X—3
5 —23inx+3xjdx
2X°+2
. 3
6 3sin"x-5
5 + — dx
3Xx° -9 sin“ X
3
126 3 4X +5% |dx
2X°—8 X



3ananmue 2. [IpounterpupoBaTh MOAXOAIICH 3aMEHON IEPEMEHHOTO.

e dx xdx 1-3x
1) | ——— e 7 dx
)| sin? 3x J.a/2+x2 I
2) [(@x—-1)cos(x? - x)dx Jx 5+ x? dx je6x+5dx
3) [10%* dx [sin X dx ax
J ' 2 75x+3
4 [ x?(3-x%)*dx [ cos 2xdx 5% cos xdx
r dx " [ A7x-1
5 | —— sin2xdx 3" dx
4 xInx . .
6) 2 sin(2 —3x)dx %
o 1_X2 o [ e



Ipakxmuuecxas paboma Nel |
Tema: WUHTerpupoBanue mo 4acrsam.
Heab: cdhopMupoBaTh yMEHHE BBIYUCIATH HEOMPEICICHHBIM HWHTETpa

MCTOJAOM HHTCTPUPOBAHUSA 110 YACTIAM.

Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe
Hexomopwle 6udbl uHmezpanos, 6bl4ucIseMbix no Yacmsm
Ecan npoussomusie ¢yukiuii U =U(X) u V =V(X) nempepsiBHBI, TO
cripaBeuIiBa (popmylia:

jUdv =UV —deu, (3)

Ha3bIBaeMasi hopmyol UHMeSpUpOBanUs no 4Yacmsm.

B kauectBe U (X) 0O0BIYHO BBIOMPAIOT (DYHKIHMIO, KOTOpast YIIPOIIACTCS IPH
nudpepeHInpoBaHUN.

Hekotopsle cTanmapTHbie ciaydan (YHKIWA, UTHTETPUPYEMBIX I10 YaCTSM,

ykasaHbl B Ta0nwmie 1. Tam ke gaercs croco6 Beidopa mHOxkuTeneid U u dV .

Tabmuma 1

Buo unmeepana U —>du dv -V
: P, (x)sinkx dx dV =sinkxdx —V :—%coskx
[P, (x)coskxdx | U=PRi(x)—> 1
- , dV =coskxdx -V =—=sinkx

P, (X)ekx dx — dU =R, (x)dx k
n=12.. dv =e*dx >V :%e"X
Buo unmeepana | U —dU dv -V
[InkxRCOdX | C ks du = & dV = R, (x)dx —

X -V =[Py (x)dx




_[ arcsin kx P, (x)dx

I arccos kx B, (x)dx

I arctg kx B, (x)dx

Iarcctg kx B, (x)dx

n=0,12,..

U =arcsinkx > dU =

U =arccoskx > dU = —————
J1-k2x?

kdx
U =arctgkx >dU =——
J 1+ k?x?
kdx
U =arcctgkx >dU =—————
g 1+ k2x?

V1-k?x?

kdx

kdx

P,(X)— MHOrowreH or X cremeHd N, T. e. Py(X)=aopX" +aX"* +...+a,, TIe

ap #0.

IIpumep: IIpoUHTErpUPOBATH IO YACTSIM.

a) J(Bx —1)sin 2xdx;

Pewenue.

a) j(3x —1)sin2xdx =

6) j (1+ 2x) In xdx.

U =3x-1—dU =3dx

dV =sin2xdx >V =—

C0S2X

cos2x|=EBx-1)(-

2—1(3X—1)C082X+§‘[C082de = —1(3x—1)0052x+§sin 2x+C.
2 2 2 4

) j(1+ 2x)In xdx =

U=Ihx—duU =%
X

dV =1+ 2x)dx —>
v :I(l+ 2x)dx = X + X

= Inx(x+x2)—j(x+x2)d—;

2

:Inx(x+x2)—J'(1+x)dx:lnx(x+x2)—x—x7+c.

cost)+J

2

d



Coaep:xxaHue NpaKTH4eCKOH padoThI

3ananme: [IpouHTErpupOBaTH MO YACTSIM.

1)

2):
3):
4):

5):

6):

.(7x—1)cosxdx

(6 —5x)e* dx

X Cos x dx
(1+2x)cos xdx
(8x—1)sin5xdx

xe* dx

_'arctg X dx
_k7x+5nnxdx
_.arcctg X dx
:arcsi n xadx

'(6+5x)ln X dx

'(3x+2)ln X dx



Ilpakxmuuecxas paboma Nel?2

Tema: BeluucieHue onpeaeJieHHOr0 HHTerpaJa.

HCIIOJIb3YysA OCHOBHBIC CBOMCTBA U Pa3IMIHBIC MCTO/IbI MHTCTPUPOBAHUA.

Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe

Onpedeﬂeimblﬁ unmezpdai, eco eblducileHue u ceoticmea

He.]'lb: C(bOpMI/IpOBaTL YMCHHUC BBIYHUCIIATH OIIPCACIICHHBIC HWHTCTPAJIBI,

Onpeodenennviii unmeepan ot QyHKwH f (X), HEIPEPHIBHON Ha OTpe3Ke

[a, b], BBIYHCIISIETCS 110 (hOpMyJIe:

ff Jdx=F (x)] =F(b)-F (a),

rne F (X)— nepBooOpasHas st pyHkuuu f (X) , T. €. F'(X) = f (X)

dopmyina (1) HaseiBaeTcs gpopmynoi Heromona — Jletionuya.

Cesoticmea onpedenenHo20 uHme2paia.

b a a

1)If(x)dx:—J'f(x)dx; 2)jf(x)dx:0;
3)]1 f (x)dx:.c[ f (x)dx+j1 f (x)dx;
4).b'( f(x)+ g(x))dx:T f (x)dx+ffg(x)dx

b
5) | Cf (x)dx = Cj x)dx, C —const;

a

b
6) Eciu f (X)S g(X) JUTS BCEX Xe[a,b],To I f (X)dxﬁjg(x)dx;

7) Ecmnu m < f(X)S M g Bcex Xe[a,b],To

m(b—-a)<|f(x)dx<M(b-a).

QD C—— T

(1)



HpI/I BBIYHUCJICHUU OIIPCACIICHHOI'O MHTCIpajia AJIAA HAXOKACHUA

NepBOOOPA3HOIN UCTIONB3YIOT T€ K€ METOJIBI, UTO U JIJIST HAXOXKIACHUS

HCOIIPCACICHHOI'O HHTCI'paJiad, T. €. 3aMCHY HepeMeHHOﬁ, HHTCTPUPOBAHUC

1o 4acTsaM u T. A. OaHako ectb psaj ocooenHocteil. [Ipu 3amene
nepeMeHHoi 1o popmye (1) He06X0UMO B COOTBETCTBUHU C 3aMEHOM
MEHSTh TPEJICIIbl HHTETPUPOBAHMS:

T f(x)dx =? f(o(t))o'(t)dx,

o

rae o=y(a), p=y(b), t=y(x) — obparnas k X=(t) byHKuHsL.

®opMyna UHTETpUPOBaHUs 110 YacTsM (1) mpruoOperaet BUA:
b L, b
Judv =uv[, - fvdu,
a a

3
Ilpumep 4. BpIuuCIUTh ONIPEAEICHHBIN UHTErPal _[(x2 —16x+3)dx
1

Pewenue.

3 , X3 X2
!(x ~16x+3)dx :(3—16?+3xj

3

3 3
= [)(——8x2 +3xj
3
1 1

3 3
3 _g@i33|-| L gz :(5—72+9j—(1—8+3j=
3 3 3 3

(9—63)—[1—5j=—54—1+5=—49—1=—491
3 3 3 3

Conep:kaHue NpaKTH4eCcKO padoThI

3ajganme: BerauciauTe onpeneeHHbIA HHTETPAL.

2

1

3

1) .|.(x3 +10x)dx 2) i (3x* +6x—2)dx

8

3) [(x*—16x+3)dx 4) [(21x-19)ix

1

0

-4

0

5) j(x3+8)dx 6) T(2x+7)dx

(2)

(3)



Ipaxmuueckas paboma Nel3
Tema: IIpuMeHeHHe omnpeaeJIeHHOI0 HWHTerpaja I BbIYHMCICHHUSA
momwaau ¢uryp.
Heab: chopmupoBaTh yMEHUE NPUMEHSATH OINPEACICHHBIM HWHTErpan Jis
BBIYKCIICHUS IUIOIAau GUryp.
Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe
IInowaou nrockux gueyp

1. Buiuucnenue niowadetl niockux gpueyp 6 0exapmogoti cucmeme KoopouHam

Ecnu miockas gurypa (puc. 1) orpanudeHa JUHUSIMHU Y = fl(x), y="1, (X),
rae fz(x)z fl(x) JUTST BCEX Xe[a,b], U npsAMBIMA X =a, X=Db, To ee uiomaab

BBIYHUCTISICTCS 10 popMysie:

S :T( f2(x)— fi(x))dx. (1)

.]'J A '1,' A
¥ =f(x) Y2 y=3x+2

L
|
[ —
Mo,

., - y i |
L\’ o lel/4 X

v =hix)
Puc. 1 Puc. 2

Ipumep. Haittu momaas GUrypsl, OrpaHUuE€HHON JIMHUSIMHU:
y=x>—-2, y=3x+2.
Pewenue. Tloctpoum cxematuueckuii pucyHok (puc. 2). g nmoctpoeHus

napa60m>1 BO3bMEM HCCKOJIBKO TOYCK:

X 0 1 -1 2 —2 3 -3 4 —4

Y —2 -1 -1 2 2 7 7 14 14




JUis TIOCTPOCHHsI MPSIMON [OCTaTO4HO IBYX Touek, Hampumep (0,2) u
(-1, -1).
Haiinem koopamHate! Touek M; u M, mepeceuenus mapaGonst y=X° —2 u

npsiMoit Y =3X+ 2.

J1J1st 3TOTO pelmmM CUCTEMY YpaBHEHUIN

2 _
{y—; z’:>x2—2:3x+2, X2 —3x—4=0, x=-1 X, =4
y=3X+2.

Torma y; =3- (—1) +2=-1 y,=3-4+2=14. Urtak, M1(-1,-1), M,(4,14).
[Tnomans nonydeHHon Gurypst Haiigem no hopmyie (1), B koTopoi
fs (X) =3X+ 2, fl(x) = x> - 2, mockonbky T (X) > fl(x) JUISL BCEX X€ [—1, 4] .

[Tomyuum:

3 4

: ) T ) 3% X
S:_jl(3x+2—(x —2))dx:_J.1(3x—x +4)dx_[7—€+4x]

2 3 o 2 . 3
3 F a4 () (1) +4-(—1)j:24—%+16—§—1+4:

-1

23 2 3 s 23
_g4 95 _3_135_545 (kB.ex.)
3 2 6 6

2.  Buwluucnenue nnowadeu @Queyp, 02pAHUYEHHBIX JUHUAMU, 3A0AHHLIMU

napamempuuecku

Ecinu Qynkumn y=Yy(t) u X=X(t) UMEIOT HenpepbIBHBIE MPOH3BOAHBIC
epBOrO mopsiaka s Beex tefto, ], To ruomame mmockoit  durypsi,
x=x(t),

telty, ty|, mpameiMu X = a, X = b, rme a =
— [to, t]

OTPaHUYCHHOW JIMHUEU {

X(to) ,

b =x(t;), uocbro OX, BerumcseTCs Mo Gopmyrie:



(2)

Ilpumep. Halitu miomanas (GUrypbl, OrpaHUYCHHON JMHUSMH, 3aJlaHHBIMU
MapaMETPUUECKU:

X=2cost, y=3sint, 0<t<2m.

Pewenue. Jlns moctpoernss GUTYPHI COCTaBUM TaONMUIly 3HAYCHUUN
KOOpAWHAT (X, Y) TOYEK KPUBOW, COOTBETCTBYIOIIMX PAa3JIMYHBIM 3HAYCHUSIM

napametpa t, 0 <t <2m.

T o r |3t | 2n 7

B

X 2 -2 |0 2

Y 0 0 -3 0

¥

miockocth XOY W coenuHUM IUIABHOW JIMHUEH.

Korma mapamerp t wusmensercs or 0 go 2w,

/3
Hanecem Toukum (X, Y) Ha KOOPIHMHATHYIO ! 2 x

COOTBETCTBYIOIIAass  TOYKA (X,y) ONMHUCHIBACT Puc. 3

X =acost
AJUIUATIC (U3BECTHO, YTO { bsint’ 0<t<2n — mnapamerpuueckue GHOpMYyIbl,
y =Dbsin

3ajlalollie JJUTMIIC € TojayocsMu @ W D). VuuteiBas cummerpuio ¢GUrypsl

OTHOCUTEIRHO KoopauHATHBIX oceld OX u OY, Haiinem e miomaas S, YMHOKHUB Ha

4 nomanp kpuBonuHeHON Tpanenuu AOB. CormacHo dopmye (2) moayunm:

UCHOJIb3YeM (PopMyITy

S=4 BSint(ZCOSt)’ dt| = 4|-6 [ sin® t dt| = { monmwKeHNs cTenenn

O =N |3
O N | 3

TUTST sin’ o, 3 TaOJINLIBI 2

T
2

~4-6

=4|-3 E—lsinrc—(O—lsinoj =432
2 2 2 2

(1—cos2t)dt|=4|-3|(1-cos2t)dt :4—3(t—%sin Zt]

O | 3

O N | 3
N |~

0

=61 ~18,850 (KB. ez[.).




Coaep:xxaHue NpaKTH4eCKOH padoThI

3aganue 1. Haiitu niomans Gurypsl, OrpaHU4eHHON JIMHUSMU.
1) y=x*-2, y=1-2x

2) y=x3, y=8, x=0

3) y=3x+1, y=3x+6

4) y=x% y=x+1

5) y=x% y=2-x>

6) y=x*-1, y=1-x

3apnanme 2. Halitu miomans (Qurypsl, OrpaHUYEHHOW JHMHUSIMH, 3aJJlaHHBIMU

IapaMeTPUUYECKH.

1) x=2t-t?, y=t(t-1), 0<t<l
2) x=t>-1, y=t3—t, 0<t<1

3) x=2sint, y=cost, 0<t<2xn
4) x=Int, y=(t-1)(3-t), 1<t<3
5) x=1-cost, y=sint, 0<t<2x

6) x=cost, y=1-sint, 0<t<2x



Ilpakmuuecxas paboma Nel4
Tema: BbluuciieHus JJUHBI IyTH.
Heanb: chopmupoBaTh yMEHHE NPUMEHATH OMNPEACICHHBIM HMHTErpasl s
BBIYUCJICHUS JIJTUHBI JIYT.

Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe

Jlnuna oyau niockou Kpugoi

1. Bviuucnenue oyeu niockot Kpusoi 6 0eKapmosvix KOOpOUHAmax

Ecnu kpuBas 3anana ypasHeHueM Y = f (X), dynknus f (X) UMEET HEMPEPHIBHYIO
MIEPBYIO IPOU3BOJHYIO IPU BCEX X € [a, b] , TO

=1 () 3 JUIMHA  JTyTH AB (puc. 4) »TOl KpPUBOW,

3aKJIFOYCHHON MEXIY TOYKAMHU A(a, f (a)) 5

W/

B(b, f (b)) , BEIUCIIACTCS 110 popMmyIie:

b
a 0 b x e = [\1+(F(x)dx. ()

a

L)

Puc. 4

2. Boiuucnenue onumnvt 0y2u Kpueotl, 3a0anHotl NapamempuiecKu
x=X(t)
Ecnu kpuBas 3agaHa mapamMeTpuUyuecKd , o <t<ty, u bynkuum
y=y(t)
X(t), y(t) umeror HenpepbiBHbIC NPOM3BOAHBIC 1-T0 MOpsiaKa mpH Beex t e[to,t],

TO JJIMHA JyTH QB, COOTBETCTBYIOILIEW M3MEHEHUI0 mnapamerpa oT fp go i,

BBIYHUCTISICTCS IO popMyrie:

a5 = tN(X'(t))z +(y'(1)dt. 2)

Ilpumep. Haiit niiuHy Oyru KpUBOU

a)y=x72, 0<x<1 6) x=2cost—cos2t, y=2sint—sin2t, 0<t<2m.



Pewenue.
a) Tak kak KpuBas 3aJlaHa B JIEKapTOBOM CHUCTEME KOOPAHHAT ypaBHEHHEM

y= f(X), TO JUIS BBIYMCIICHUS JUTMHBI JYTH BOCHOJB3yeMmcs Qopmynoi (1).

1

Haiinem y': y’:gx2 u oactaBuMm B (1):
=14 X dt_gdx dx= 2t
ox 4 9
+de:x:0—>t:1 =
X=1->t= 1+9:E
d 3 L [ 13/4 3
opMyIa it
41t 1 P 412 g 3 8 |(13)2
=— I t2dt = { TaGnuIBI =——| =—t2 =—|| =1 -1|=
9£+1 27 271\ 4
HUHTErPaIoB 2
1
:%££— J 1,440 (eI[I/IHI/II_I )I[J'II/IHBI).

0) x=2cost —cos2t, y=2sint—sin2t, 0<t <2

KpuBas 3amaHa mapamMeTpuyecKd, MOITOMY BOCHOJB3yeMcs (dopmyion (2).

Haiinem X'(t), y'(t):

X'(t)=-2sint+2sin2t, y'(t)=2cost —2c0s 2t u noacraBum B (2):



27
lg = j\/(—ZSinH 2sin 2t)2 +(2cost —20032t)2dt =
0

27
- I J4sin?t —8sintsin 2t + 4sin? 2t + 4cos?t — 8costcos 2t + 4cos? 2t dt =
0

2n
= I \/4(sin2t + coszt) + 4(sin2 2t + c0s? 2t) —8(costcos 2t +sintsin 2t) dt =
0

27

UCTIOJIb3yeM TPHTOHOMETPUUYCCKUE (HOPMYIIBI

=4 . 5 2 B , . = j«/8—8costdt:
sin“ o+ cos a—lI/Icos(oc—B)-cosacosB+smo¢smB 0

UCIIONBb3yeM (GopMyTy

27 27
:\/§j«/1—costdt: sinz%:%(l—cow): :Zﬁj ‘/Zsinzédt:
0

0

. (04
—1-cosa, = 23|n2E

2n

ot t|2"
=4I5|n—dt:—8cos—
5 2 2

= —8(COS T — COS O) == —8(—1—1) = 16(CI[I/IHI/II_[ I[J'II/IHBI).
0

ConepkaHue NpaKTHYECKOH padoThI

3apanue: Haittu 1uMHy TyTv KpUBOW.

1) y=1+Incosx, 03x§g

2) x=t>-1, y=t3, 0<t<1

2
3) y=x3+1, 0<x<1

4) x=t%-1, y:%—tg’, 1<t<2

2 1
5) y=x3, OSXSE

6) x=t>—4, y=t?, 0<t<?2



Ipaxmuueckas paboma Nel5
Tema: Boeruuciaenuss odbema puryp.
Heab: chopmupoBaTh yMEHUE NPUMEHATH OINPEAEIEHHBIA HUHTErpasl Ui
BBIYHCIICHHS 00BheMa Uryp.
Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe
Bviyucnenue o6vemos men epawjenus
Eciu Tteno oOpazoBaHo BpamieHneM BOKpyr ocu OX KpuBOJWHEHHON
Tpalenuu, orpaHideHHoi kpuBoit y = f(X), oceto OX u mpsiveiME X=a, X=b

(puc. 1), To ero 00beM BeIUUCISCTCS 10 HOpPMYJIE:

b
Vzn_[(f(x))zdx. (1)
a
VA V4
A >
0 ]I X
|
0 » |
4 y=-4
z (::, =() BJ»-‘ = —4x
Puc. 1 Puc. 2

Ilpumep. Haittn o0bem Tena, MoJy4eHHOro BpaiieHueM BOKpyr ocu OX durypsl,
OTPAaHUYCHHOW JIMHUSAMU: Y = —4X3, x=0, y=-4.

Pewenue. IlocTpouM KpHUBOJMHEMHYK) Tpal€lMIO, BpAIIEHHEM KOTOPOU

MOJIy4aeTcsl TeJIo BpalleHus (puc. 2).
YroObl MOSyuuTh 00BEM TeNa BpalieHHus U3 o0bema Vi Tena, MmosydeHHOTO
BpameHueM ¢urypel OABC, BeruTeM 00BbeM Vo Tena, MOJIYYEHHOTO BpalleHHEM

durypet OAB. Torna uckomsiii 0obem V =Vy —V,. Ilo popmyie (1) naitnem Vi u

1
Vo Vg = nI(—4)2 dx = Tcl6x|t =167 (ex. obobema);
0



1 ) 1 7
Vy = “I(_4X3) dx = 167c.[ x°dx = 167:X7 = 16775 (en. ooObema);
0

0

V=V, -V, =16n— 167n = ?n ~ 43,085 (ex. oobeMa).

Coaep:xxaHue npakTHYeCKOi padoThl
3ananme: Halitu o0bem Tena, moJIydeHHOTO BpalieHueM BOKpyr ocu OX Gurypsi,

OFpaHI/IquHOﬁ JIMHUAMMUA.
1) xX*-y=0, y=1

2) x2+y=0, y=-1

3) x—y*=0, x=1

4) y=4x3, x=0, y=-4
5) y=4x3, x=1, y=0

6) y=—4x>, x=-1, y=0



Ipaxmuueckas paboma Nol16
Tema: MHokecTBa U onepaluy HAJA HUMH.
Heab: chopmMupoBaTh yMEHHE BBINOJIHATH ONEPAIIMA C MHOKECTBAMHU
Teopernueckne cBegeHUs K NPAKTHYECKOil padoTe
MHOXECTBO — OJHO 13 OCHOBHBIM IOHSATHN MAaTEeMaTHKH.

MHOXECTBOM  Ha3bIBAETCA  COBOKYIHOCTb  HEKOTOPBIX  3JIEMEHTOB,
O00BEIMHEHHBIX KaKHUM-THOO0 OOLIMM MPU3HAKOM. DJIEMEHTaMHU MHOXKECTBA MOTYT
OBITh uncia, GUTYPHI, IPEIMETHI, TOHATHUS U T.II.

MHoxecTBa 0003HAYAIOTCS IMPOIMHMCHBIMHA 6YKB8,MI/I, a OJICMCHTBI MHOXKCCTBO
CTPOYHBIMHU 6YKB8,MH. DJeMEHTHl MHOXKECTB 3aKJIFOUaIOTCS B (1)I/IprHI>IC CKOOKH.

Ecnu sneMeHT X MpUHAJIEKUT MHOXKECTBY X, TO 3alIUCBHIBAIOT X € X (€ —
PUHAIIEHKUT).

Ecnu MHO)KECTBO A sBJISIETCS YacThlO MHOECTBa B, To 3amuceiBator A C B
(€ — conmepkutcs).
MHO0XECTBO MOXET ObITh 3a/1aHO OJTHUM M3 JABYX CIIOCOOOB: NMEPEUUCICHUEM

H C IIOMOIIBIO OMPCACIIATOIICTO CBOMCTBA.

JIBa mHOkecTBa A U B paBHbI (A=B), eciiu OHU COCTOAT U3 OJTHUX U TEX KE
DIIEMEHTOB.

Hanpuwmep, ecnu A={1,2,3,4}, B={3,1,4,2} To A=B.

O6beauHenneM (cymMmMoii) MHOKECTB A B B HaspiBaeTcs MHOXKeCTBO A U B,
AJIEMEHTBI KOTOPOTO MIPUHAJICKAT XOTS ObI OJHOMY U3 3TUX MHOXKECTB.

Hanpumep, ecm A={1,2,4}, B={3,4,5,6}, 0o AU B ={1,2,3,4,5,6}

Ilepeceuennem (Mpou3BeIEHUEM) MHOKECTB A U B Ha3bIBaeTCs MHOXECTBO
A N B, 31eMeHTHI KOTOPOTO MPUHAMJIEKAT KAK MHOKECTBY A, TaK U MHOKECTBY B.

Hanpumep, ecmn A={1,2,4}, B={3,4,5,2}, T0 AN B = {2,4}

Pa3Hocthio MHOXecTB A u B Ha3piBaeTcs MHOXKECTBO AB, 3J1eMEHTBI
KOTOPOT'0 MPUHAJIJIE)KAT MHOKECBY A, HO HE NMPUHAJICKAT MHOKECTBY B.

Hanpumep, ecrm A={1,2,3,4}, B={3,4,5}, T0 AB = {1,2}

CuMMeTpuYHOM pa3HOCThIO MHOKECTB A U B Ha3piBaeTcst MHOKECTBO A A

B, sBisromeecst o0bemHEHNEM pa3HocTel MHOKecTB AB 1 BA, To ecth A A B =
(AB) U (BA).

Hanpumep, ecmu A={1,2,3,4}, B={3,4,5,6}, To A A B = {1,2} U {5,6} =
{1,2,5,6}



Ceoticmea:
CBoiicTBa IepecTaHOBOYHOCTH:
AUB=BUA
ANB=BNA
CoueraTenbHOE CBOWCTBO:
(AuB)uC=AuBUCQC)
(ANB)NC=ANBNC)
Kpyru Oiinepa (Dilniepa-Bena) — reomeTrpuyeckas cxemMa, ¢ INOMOIIBIO

KOTOpOﬁ MOKHO I/I306paSI/ITI> OTHOLICHUA MCKAY ITOAMHOXKCCTBAMHU, JIA
HarJsiAHOr o IIpCACTAaBJICHUA.

Ilpumep:  Cpenum  IIKOJBHHUKOB  HIECTOrO  Kjacca  MPOBOJMIIOCH
aHKETUPOBAHUE 1O JTIOOUMBIM MYyJIbTPrIbMaM. CaMbIMU TOMYJISPHBIMH OKa3aJIUCh
Tpu MynbTQuibma: «bernocHexkka U ceMb rHOMOBY, «['yOka Bbo0 KsampaTHbie
[ITaub», «Bosk n teneHok». Beero B kimacce 38 denoBek. «beOCHEXKKY U CEMb
THOMOB» BbIOpanu 21 y4eHuK, cpeid KOTOpbIX Tpoe Ha3Baiu eme «Boik u
TEJIEHOK», mectepo — «['yoka boo KBagparusie llTanb, a oiuH Hanucail Bce TpU
myneThuiabmMa. MyneThunsm «Bonk u TeneHok» HazBaiu 13 pebsT, cpeau
KOTOPBIX MATEPO BBIOpaiu cpaszy JaBa MyibTduiibMa. CKOJIBKO YEIOBEK BhIOpasin
mynbThuibM «I'yoka boo KBagpatusie llITanbi»?

Pewenue: B sToit 3a1aue 3 MHOXECTBA, U3 YCIOBHM 3aJ1a4d BUAHO, YTO BCE
OHH TlepeceKaroTcss Mexay coboi. [Tomydyaem Takoil uepTex:

"benocHexka "INy6ka bo6
M cemb rHomos" E KeaapaTHele WwTaHer"

2

"Bonk u TenéHok"

YuuthiBas ycioBue, 4TO cpeau pedsT, KOTOpble Ha3Badud MYJIbT(HIBM
«BoJIK 1 TeeHOK» MATEPO BBIOpAU Cpa3y 1Ba MyIbTHUIBMA, TIOTydaeM:



"BenocHexKa "IMNy6rka bob
M Cemb FHomor" E KeagpartHele wraHer"

2Q

"Bonk 1 TengHok"
21 —3-6-1=11— pebsaT BeIOpaIH TOJIBKO «BEIOCHEKKY 1 CEMb THOMOBY.

13-3-1-2 =7 —pedsaT cMOTPAT TOJIbKO «BOJIK U TEIEHOK.

ITonygaem:
"benocHexka "Ny6ka bob
M cemb rHomoe" E KeaapaTHele wraHer"

20

"Bonk 1 TeneHok"

38-(11+3+1+6+2+7) =8 — ygenoBek cMoTpAT TOJIbKO «I'yOka BoO
KBanparusie I1ITanby.

Henaem BbIBOJ, uTO «I'yOka boo KBagparusie llITanb» BeiOpanu 8§ +2 + 1 + 6 =
17 genoBex.

OtBer. 17 uenoBek BblOpamu MynbTguiabM «l'yoka bo0 KsanpaTHbie
[lITanb».

Conep:xanue NnpakTHYECKO padoThI

3ananue 1. 1) Haittu muoxectsa ANB, AUB, A/B, B/A, ecnu:
a) A={e, 0, p, X} B={x, y}

0) A={x: -3<x<4} B={x: 0<x<6}

B) A={2"+1}, B={n+1} neN

2) Haiitu muoxectBa ANB, AUB, A/B, B/A, ecnu:



a) A={12, 13, 14, 15} B={12, 14, 16}
0) A={x: 0<x<2} B={x: 1<x<4}
B) A={3-(n+1)}, B={n+5} neN

3apanme 2. 1) Ha 1 kypce yuarcs 200 cryaenToB, 106 U3 HUX 3HAIOT aHTIUHCKUN
sa3bIK, 60 — Hemenkui, 92 — Qpaniry3ckuil. 24 cTyjeHTa 3HAIOT AHTJIUHUCKUN U
HEeMEIKUM s3bIKU, 36 — aHrjauiickuii u Qpaniy3ckuit, 30 — HeMenKui u
bpaniy3ckuii, 14 — Bce Tpu sa3bika. OcTanbHbIE 3HAIOT TOJBKO OAMH MCIIAHCKHIM
A3bIK. CKOJIBKO CTYZAEHTOB 3HAIOT:

a) TOJIbKO OJIUH SI3bIK?

0) UCITAaHCKHI S3BIK?

B) TOJILKO HEMEIKUH SA3bIK?

T') 3HAIOT aHTJIMUCKUIM U HEMELKUH, HO HE 3HAIOT (paHIly3CKU?

2) Ha 1 kypce yuarcs 200 crynenToB, 106 U3 HUX 3HAIOT aHTIMHCKHIA SA3bIK, 60 —
HeMmenkui, 92 — ¢panmy3ckuil. 24 cTyAeHTa 3HAIOT AHTJIMMUCKUM W HEMEIKUM
A3bIKU, 36 — aHTIIMKCKUN U (paHy3ckuil, 30 — HeMeukuil U ¢ppaHiy3ckuii, 14 —
BCE TpU s3bIka. OCTalbHBIE 3HAIOT TOJBKO OAWH HCHAHCKUW SI3bIK. CKOJBKO
CTYJIEHTOB 3HAIOT:

a) pOBHO J1Ba SI3bIKA?

0) TOJBKO (PPAHIY3CKUM SA3BIK?
B) 3HAIOT HEMEIKUN U (hpaHIly3CKHIl, HO HE 3HAIOT AaHTJIUHUCKUIA?

') HE 3HAIOT UCTIAHCKUU SI3bIK?

Ilpaxmuuecxas paboma Nel'7
Tema: JeMeHTHI TEOPUU BEPOATHOCTEM.
Hean: chopMupoBaTh yMEHUE PEIIATh 3a/1a4M HA HAXOXKACHUE BEPOATHOCTEN
Teopernueckne cBeeHNUs K NPAKTHYECKOil padoTe
Knaccuueckoe onpedenenue eeposmuocmu
Paznen mMaremaTuku, M3ydarolmUii 3aKOHOMEPHOCTH CIy4YalHBIX COOBITHH,

Ha3bIBAETCS TEOPUE BEPOATHOCTEH.



BepositHocThio P(A) coObITHS A B HCHOBITAHUA C PaBHOBO3MOXXHBIMH
AJIEMEHTAPHBIMUA  HCXOJAaMU HA3bIBAIOT OTHOIIEHUE YHCJIa MCXOJIO0B M,

6HaFOHpI/IHTCTBYIOHII/IX COOBITHUIO A, K 9UCIIY N1 BCCX UCXOO0B UCIIBITAHHA.
m
P(4) = —
n

Ilpumep 1: B maptun u3 30 mukcepoB 2 OpakoBaHHbIX. HaliTh BEpOATHOCTH
KYIUTh UCITPABHBIA MUKCED.
n=300m=30—-2=128
p_28_1
30 15

AKCHOMBI BEpOSITHOCTEN:

KaxxnoMmy coObITHIO A TTOCTABIIEHO B COOTBETCTBUE HEOTPULATEILHOE YUCIIO
P(A), Ha3piBaeMO€ BEpOSTHOCTBIO COOBITHS A.

Ecim  cobeitus A;, A, ... TIONMApHO  HECOBMECTHBI,  TO
P(A;+A*...)=P(A)+P(Ay)+...

CBoMCTBA BEPOATHOCTEM:

BeposiTHOCTh HEBO3MOXKHOTO COOBITHS paBHa HyJt0 P=0.

BeposTHOCTh 1OCTOBEPHOTO COOBITHA paBHA eauHuLEe P=1.

BeposiTHOCTh TPOU3BOJILHOTO CIy4YailHOro COOBITHUSI A 3aKITIOYACTCS] MEXIY
Owu 1: 0<P(A)<I.

Ilpumep 2: U3 34 5sK3aMEHAlMOHHBIX OWJIETOB, MPOHYMEPOBAHHBIX C
noMouiplo yucena ot 1 no 34, Haynauy u3BiekaeTcss oJuH. KakoBa BEpOSITHOCT,
YTO HOMEP BBITSIHYTOTO OMJIETA €CTh YUCIIO, KPATHOE TPEM.

Pewenue: Halinem konnuectBo uncel oT 1 10 34, KpaTHbIX TpeM. DTO yucia
3,6,9, 12, 15, 18, 21, 24, 27, 30, 33. Bcero takux uucen 11. Takum obpa3zom,

HCKOMas BEPOATHOCTb P = %

CobbiTiss A u B Ha3bIBalOTCS COBMECTHBIMHM, €CJIM OHH MOTYT
OTHOBPEMEHHO MPOU30WTH, 1 HECOBMECTHBIMH, €CJIH IIPU OCYLIECTBICHUN OJHOTO

COOBITHSI HE MOKET MTPOU3OUTH JIPYTOE.



Cobpitis A u B Ha3bIBaIOTCS HE3aBUCHUMBIMH, €CIIH BEPOSITHOCTH
HACTYIUICHHUSI OHOTO COOBITHS HE 3aBHCHUT OT TOTO, MPOU3OILIO APYTroe COOBITHE
WM HET.

BeposiTHOCTP CyMMBI  IBYX COBMECTHBIX COOBITHII paBHa CyMMe
BEPOSTHOCTEH cjaraeMbiXx 0e3 BeposTHocTH mnpousBeacHus: P(A+B)=P(A)+P(B)-
P(AB)

IIpumep 3: BeposatHocTh mopaxeHus: ogHor mumenu — 0,7, a npyroit — 0,8.
KakoBa BEpOSITHOCTB, UTO OyJeT MOpa)keHa XOTs Obl OJTHA MHUIIIEHB, €CIIH 110 HUM
CTPEJISIIOT HE3aBUCUMO JPYT OT JIpyTa.

Pewenue: T.x. cOOBITHS COBMECTHBI, TO p=0,7+0,8-0,7-0,8=1,5-0,56=0,94

BeposiTHOCT, CyMMBI JIByX HECOBMECTHBIX COOBITHMM paBHa CyMMe
BeposiTHocTel cnaraembix: P(A+B)=P(A)+P(B).

P(A)+P(4)=1

YciaoBHas BEPOSATHOCTh — BEPOATHOCTh OJTHOTO COOBITHSA, MIPU YCIOBUH, UTO
JIPYroe COOBITHE YK€ MPOU3OIILIO.

BepositHocTh mpoum3BeAeHUs coObITHi A u B paBHa mNpoHM3BEICHUIO
BEPOSITHOCTA  OJAHOTO M3 HHUX Ha YCJIOBHYKO  BEpPOSTHOCTb  JIPYIrOTO:
P(AB)=P(A)-P(A/B) unu P(BA)=P(A)-P(B/A)

BeposiTHOCTh Mpou3BEeNECHHs JIBYX HE3aBUCHMBIX cOObITM A U B paBHa
MIPOM3BEACHUIO BeposaTHOCTEH comHoxuTeneii: P(AB)=P(A)-P(B).

Ilpumep 4: B nByx KopoOkax JexaT py4yKd pa3Horo upera. B mepBoii
KOpoOKe — 4 KpacHbIX U 6 YepHBIX, BO BTOPOW — 3 KPACHBIX, 5 CUHHUX U 2 YEpHBIX.
N3 o6Genx KOpOOOK BBHIHUMAIOT MO OAHOW pydku. HailTu BeposATHOCTH, 4TO 00€
PYUYKHU KpacHbIE.

Pewenue: Haiinem BEpOSTHOCTH BBITAIIUTH KPACHYKO PYUYKY W3 KaKIOU
KOPOOKH



Toraa BepoSTHOCTH TOTO, UTO 00€ PYYKU KpaCHBIE:

4 3 12

— .2 f 012
10 10 100

P=p-P,=

Conep:kaHue NpakTH4eCcKOH padoThI

3amanue: lcronb3ys KIacCUYECKOE OMNPEACIICHUE BEPOSTHOCTU COOBITHS,
PELINTDH CIAEAYIONINE 3a0auH:

1. B xopoOke 4 KpacHbBIX, 5 3€JICHBIX, 8 KEATHIX, 7 OeNbIX U 1 YepHBIH mIap.
HaiiT BepOATHOCTD BBITAIIMTD: KPACHBIN I1ap; CHHUHN 11ap; OeJbIi 1map; IBETHON
1iap; Wiu 3€JeHbI Wiu Oemblil map; He KpacHBIM IIap; 1map OJHOTO U3 IIBETOB
ceetodopa.

2. B cembe — nBoe aetreil. KakoBa BEpOATHOCTh, YTO CTapIIUii peOCHOK —
JI€BOYKA, €CJIM U3BECTHO, UTO B CEMBE €CTh JIETH 000€r0 1moja?

3. Macrtep, umes 10 neranei, U3 KOTOpbIX 4 — HECTAHAAPTHBIX, TPOBEPSET
JieTanyd OJHY 3a JpYrou, IOoKa €My He Tnomajercs cranaaptHas. Kakosa
BEPOSTHOCTh, YTO OH IMPOBEPUT POBHO ABE A€TaIn?

4. B onHOoM simmyke 3 OebIX U 7 4epHBIX MIAPOB, B IPYTOM SIUKE — 6 OEIbIX
U 8 uepHbIX mapa. HaliTu BEpOsSTHOCTB TOTO, YTO XOTsI ObI U3 OJHOTO SIIIIKUKA OyAeT
BBIHYT O€JbIi ap, €CIM U3 KAKIOTO SIIMKA BEIHYTO MO OJHOMY LIapy.

5. H3pmarenbCTBO OTHPABUIIO Ta3eTbl B TPU TMOYTOBBIX OTHECICHUS.
BeposTHOCTh CBOEBPEMEHHOM JOCTABKU ra3eT B mepBoe oTaeieHue paBHa 0,9, Bo
BTOpOoe - 0,7, B Tpetbe - 0,85. HaliTh BEpOosSTHOCTH CIIEIYIOMINX COOBITHI:

a) TOJIBKO OAHO OTACIICHUC IMOJYUYHUT I'a3€Thl BOBPCM:I;
6) XOTs OBl OJIHO OTACJICHUC ITOJIYYHUT I'a3CThl C OITO31dHHUCM.

6. B nepBoil ypHe HaxoasTcs 12 Oenbix ¥ 4 4epHBIX IApOB, a BO BTOPOH 5
oenbix u 10 yepHbix mapoB. M3 kaxaoil ypHbBl BBIHYJIM 1o Imapy. Kakosa



BEPOSITHOCTh TOTO, YTO 00a Imapa okaxyrcs dyepHpiMu? KakoBa BEpOSITHOCTb, YTO
o0a 1mapa oKaxyTcs OenbIMu?

7. B maptum u3 25 neraneit HaxomsaTcs 8 OpakoBaHHBIX. BhIHMMAaT u3
napTuy Hayjady ase jaetanu. OmnpeaenuTh, KakoBa BEPOSTHOCTh TOTO, YTO 00€
JIeTalIi OKaKyTCsl OpaKOBaHHBIMHU.

8. TlonOpomieHsl ABe urpaigbHbie KOCTU. HailTu BeposSITHOCTH COOBITHS A
TOT0, YTO BBIMNAAET XOTA ObI OJIHA IIECTEpKA.

9. HaifTu BepOATHOCTb, UTO MPH OpOCAaHUHM HUTPATBHOW KOCTU BBIMAJIET
YHCiI0, OoJibiIee 4.

10. HaiiTu BeposITHOCTb, YTO MPU OPOCAHWUU HUTPATLHOM KOCTH BBIMAJAET
4HCIIO0, HE MEHbIIIee 2 U He Oosbliee S.



Ilpakmuuecxas paboma Nel8
Tema: BoruuciieHne noJTHOM BEPOSITHOCTH.
Hean: chopmupoBarh yMmeHHe pemiath 3afaud Ha HAXOXKACHUE IOJTHOU
BEPOSITHOCTH.

Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe

Tlonnas eeposmnocms. Popmyna batieca

Ecnu coObiTe A MOXKET MPOM30UTH TOJBKO MPU BBINOJHEHUU OJHOIO W3
cooprTuit Hj;, Hp, ..., KoTophie 0O0pa3ylOT NOJHYIO TPYMHIY HECOBMECTHBIX
COOBITUH, TO BEPOATHOCTH COOBITHS A BBIYHCISAETCS MO (hopMyIie

P(A) =p(H,)-p(A/ H,) +p(H,) - p(A/ H,) +p(H;) - p(A/ H,) +...
Ota hopmyna Ha3bIBaeTCs POPMYIION OTHOM BEPOSATHOCTH.

Ecnu BBIMOMHAIOTCA BCE YCIOBUSA, UMEIOIIUE MECTO Il (POpMyIibl MOJHOU
BEPOSITHOCTU, U P(A) =0, TO BBIMOJHSIETCS PaBEHCTBO, Ha3zbiBaeMoe (opmyJion

baiieca:

p(Hi/A) _ p(Hi)'p(A/Hi)
P(A)
Ilpumep 1: B nepsoi naptuun 20 nammn, BO BTOpor — 30 JaMIT ¥ B TPEThEU —
50 nammn. BeposTHOCTH TOro, 4Tto MHpOpadOTaeT 3aJaHHOE BpEMs, paBHA JIs
nepsor naptum 0,7, ans Bropou — 0,8 m miua tperber maptun — 0,9. Kakosa
BEPOATHOCTh TOT0, YTO HayAauy B3siTas jlamma MpopaboTaeT 3aJlaHHOE Bpemsi?
Haiiti BEpOSITHOCTB, UTO 3Ta JaMIla MPUHAJICKUT EPBOM napTun?

Pewenue: Ilycts coObiTHe A — Haymady B3sTas Jammna mpopaboraer
3aJJaHHOE BpEMSI.

Torna, mycte H; — mamna n3 nepsoii naptum, Hy, — namma u3 BTopoit naptun
u H; — namna u3 tperbeid maptuu. Torga cobsitue A/H; — namna u3 mepBoi
naptuud npopaboTaeT 3agaHHoe Bpems, A/H, — namma u3 BTOpoil mNapTuu
npopaboTtaer 3agaHHoe Bpemsi u A/Hz — mamna u3 Tperbeit maptum mpopadboraer
3agaHHOe BpeMs. Haliem BeposTHOCTH



n=20+30+50=100

- ,2
p(H,) 100

== -03
p(H,) = 100

p(H 3)—100 0,5

P(A/H,)=0,7

P(A/H,)=0,8

P(A/H,)=0,9

P(A)=p(H,)-p(A/ H,)+p(H,)-p(A/ H,) +p(H,) - p(A/ H;) =
=0,2-0,7+0,3-0,8+0,5-0,9=0,14+0,24+0,45 = 0,83

Teneps, ucnonszys dopmyny baiieca HaifieM BepOsSTHOCTH TOTO, YTO 3Ta
JaMra MPUHAJICKUT TIEPBOM apTUH

o(H./ Ay P(H)-PAVH,) _0.2.0.7
P(A) 0,83

~ 0,169

Ilpumep 2. VmeroTcs 3 oAMHAKOBBIE YpHBI. B mepBoil ypHe Haxomarcs S
OeNbIX U 7 YEepHBIX LIAPOB, BO BTOPOMl — TOJBKO O€NbIe U B TPEThEH — TOJBKO
yepHble. Hayrag BbIOMparoTCs ypHa U M3 Hee u3BieKaeTcs oauH map. Kakosa
BEPOSITHOCTb, YTO ATOT MIap OEJIbIit?

Pewenue: Ilycts coObITHE A — U3BIEKaeTcs OenbIi map.

Torma, nycts Hy — map u3 nepsout ypusl, H, — map u3 Bropoit ypHbsl U Hjz —
map u3 TpeThelt ypuol. Torga coositue A/H; — Genblit map u3 nepBoit ypusl, A/H,
— Oenblit map u3 BTopoil ypHbel U A/Hz — Oenblil map u3 Tpetbheit ypHbl. Haitnem
BEPOSITHOCTU

1
p(H1) :g
1
p(Hz) :g
1
p(Hs) :§
5
P(A/H,) T
P(A/H,)=1
P(A/H;)=0

P(A) =p(H,)-p(A/H,)) +p(H,) - p(A/ H,) +p(H;) -p(A/ H,) =

15 1,1 5 1 17
R I P L
312 33 36 3 36



Coaep:xxaHue NpaKTH4eCKOi padoThl
3aganue: Vcnone3ys (opmynbl mogHOW BeposTHOCTH M baiieca, pemmrb
CJIEIyIOIIME 3a/1a4u:

1. ImeroTcs 2 onuHakoBble ypHBI. B mepBoil ypHe HaxonsaTcs 7 Oenbix u 3
YEepHBIX IIapOB, BO BTOPOi — 6 6enbix U 4 yepHbix. Hayraa BeiOuparotcs ypHa u u3
Hee W3BJEKaeTcd OJuH Mmap. BeiOpanHbli map oxa3zaiica uepHbIM. KakoBa
BEPOSATHOCTb, YTO 3TOT LIAP U3 2 YPHBI?

2. [letanu, U3roTOBJSIEMBIE 1IEXOM 3aBOjIa, MONAAAIOT JUIsl MPOBEPKHU MX Ha
CTAaHJAPTHOCTh K OJHOMY U3 JABYX KOHTPOJIEpPOB. BEpoOsATHOCTH TOrO, YTO AETab
nonageTr K neppomy KoHtpoisepy =0,5, ko Bropomy =0,6. BepoaTHOCTh TOTO, 4TO
rojHas Jeraib OyJIeT MpU3HAaHA CTaHIAPTHOW MepBbIM KoHTposiepom =0,94, a
BTOpbIM =0,92. T'omHas nerans mpu MpoBepke ObUIa MpPU3HAHA CTaHIAPTHOM.
Haitti BEpOSITHOCTH TOTO, YTO 3TY JIETAIb IPOBEPUII IEPBBINA KOHTPOJIEP.

3. Nmeercs nBa Habopa aetaieil. BepoaTHOCTH TOTO, 4TO JIeTajdh MEPBOTO
Habopa crannaptHas paBHa 0,9, a Broporo — 0,8. HaiiTu BeposITHOCTH TOTO, YTO
B35Tas Haylady JETaJIb — CTAaHIapTHAs.

4. Nmerorcsa 3 onuHakoBble ypHBL. B nepBoii ypHe Haxonstcs 6 cuHux u 4
YEPHBIX IIAPOB, BO BTOPOU — TOJIBKO CUHUE U B TPETHEN — TOJIBKO YepHble. Hayran
BbIOMPAIOTCS ypHA M W3 HEe U3BJIeKaeTcs oauH map. KakoBa BepOsSTHOCTb, YTO
ATOT IIAp CUHUIA?

5. Nmerotcst 2 oquHakoBble ypHBI. B miepBoii ypHe HaxoasTcst 7 Oenbix u 3
YEepHBIX I1apOB, BO BTOPOil — 6 Oemnbix u 4 yepHbIX. Hayran BeiOMparoTcs ypHa u U3
Hee Wu3BJEKaeTcs OAMH Imap. BpiOpanHbli map oxazancs depHbiM. KakoBa
BEPOSITHOCTb, YTO 3TOT Wap u3 1 ypHsI?



Ipaxmuueckas paboma Nel9
Tema: ®@opmyaa bepuyiim.

Hean: chopmupoBarh ymeHHe pemiaTh 3aJayd € MOMOIIbIO  (OPMYIIbI

bepnymnm.

Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe

@opmyna bepnynrnu
1) BeposiTHOCTH TOTrO, YTO COOBITHE A HACTYHHT POBHO M pa3 mpu
MIPOBEICHUM N HE3aBHCUMBIX HCIBITAHUHN, KaXXIblii U3 KOTOPBIX MMEET
POBHO JBa HcXojla  BeUMCHsIeTcs 1o  Qopmyne  bepHymiu

P(m)=C} p"1-p)"",m=0,12,..n

Ilpumep 1: BepoATHOCTH BBIUTPHINIA 0 OJHOMY JIOTEPEHHOMY OWIETY
paBHa (0,2. HaifTu BeposSiTHOCTH, YTO U3 6 MPUOOPETEHHBIX OUJIETOB 2 OKaXYTCS

BBINI'PBIITHBIMH.

Pewenue:
p=0,2
n=6

m=2

|
P.(m)=C" p"(1- p)™" =C20,2°(1-0,2)"> :%-0,04-0,84 ~ 0,246

2) BeposSTHOCTh HACTYIUICHHST COOBITUST A XOTs OBl OIWUH pa3 TMpH
MMPOBEICHUA N HE3aBHUCUMBIX HCIBITAHUN, YIOBJIETBOPSIOIIUX CXEME

bepnymm, pasaa P (m>1)=1-q",q=1-p

Ilpumep 2: TlpubGop COCTOUT U3 TIECTH OHJIEMEHTOB, pPadbOTAIOUIUX
HE3aBHCUMO Jpyr OT Japyra. BepositHocTh 0e30Tka3HON paboThl KaKIOTO
aJIeMEHTa 3a omnpeneneHHoe Bpems paBHa 0,6. [[ns 6e30TkazHOM paboThl TprubOpa
HE00X0AUMO, YTOOBI XOTs ObI OJIMH 3JIEMEHT OblI HcnpaBeH. KakoBa BEPOSTHOCTD,
YTO 3a JaHHOE Bpems mpudop Oynet paboTaTh 6€30TKa3HO?

Pewenue:
p=0,6= q=0,4
n=6
m=>1
P,(m>1)=1-0,4° ~0,9959

3) BeposTHOCTh HACTymJeHHS COOBITHS A XOTs OBl OJWMH pas IMpH
IPOBEICHUH N HE3aBUCUMBIX HCIIBITAHUH, YIOBICTBOPSIONINX CXEME



bepHymn, HacTynuT HE MeHee M; U He Oosee M, pa3 BBIUMUCIAETCA 1O

dopmyne P,(m, <m<m,)= 2 P.(m)
m

Ilpumep 3: HalTh BEpPOSTHOCTH OCYIIECTBICHHS OT ABYX JO YETBIPEX

Pa3roBOpPoOB II10 TCJ'IC(I)OHY Ipu Ha6J'IIOI[eHI/II/I IIITH HC3aBUCHUMBIX BBI3OBOB, CCJIH

BCPOATHOCTH TOI'O, YTO pa3roBOp COCTOUTC:A, paBHA 0,7

Pewenue:
p=0,7
n=>5

2<m<4
P(2<m<4)=C:.0,7°(1-0,7)>*+C:-0,7°(1-0,7)>*+C}.0,7*(1-0,7)°* ~ 0,801

4) HauBeposTHelIIee 3HaYCHHE My YMCIIA HACTYIUICHUS COOBITHS A TpH
n ITOBTOPHBIX HE3aBUCUMBIX WCIIBITAHWM,

MIPOBEICHUH
BBIUUCISICTCS 10  (hopmyJie

YAOBJIETBOPAIOIMX cXeMe bepHymm,
np—q<m,<np+p
np—(1-p)<m,<np+p
Ilpumep 4: Marazun nonyunsn 50 pertaneil. BeposTHOCTh HalIUuuUs
HecTaHJapTHOM Aetanu B naptuu paBHa 0,05. Haiitu Hanbonee BEpOATHOE YHCIIO

HCCTAaHAAPTHLIX I[GTEIIIGIZ B IIapTHUH.

Pewenue:
p=0,05
n=>50
my,—?
g=1-p=1-0,05=0,95
50-0,05-0,95<m, <50-0,05+0,05
1,55<m, <2,55
m, =2
Conep:xanue NnpakTHYECKO padoThI

3apnanue: Vcnonb3ys dopmyny bepHyiu, pelinTh cieayromue 3a1aqu:

1. BeposiTHOCTH TOTrO, UTO PACXO]l AJIEKTPOSHEPIMU HA MPOAOJIKEHHUH OJIHUX
CYTOK HE MPEBBICUT YCTAHOBJIEHHOW HOpMbI paBHa (,75. HaliTu BeposSITHOCTH
TOTO, 4TO B OJIDKalIme 6 CyTOK pacxoj dJIEKTPOIHEPTUU B TEUCHHE 4 CYTOK HE

MIPEBBICUT HOPMBL.



2. HaiiTu BepOSITHOCTh OCYIIECTBJIEHUS OT OJIHOTO JI0 TPEX Pa3roBOPOB MO
TenedoHy IpHU HAOIIOACHUH 1IECTH HE3aBUCUMBIX BBI30BOB, €CJIM BEPOSITHOCTD
TOTO, 4TO Pa3roBOp cocTouTcs, pasHa 0,6.

3. [IpuGop cOCTOUT U3 MATH IJIEMEHTOB, BKIIOYEHHBIX B IIETb MapaJljieIbHO U
paboTaronmx HE3aBUCHUMO JIPYT OT Apyra. BeposTHOCTh 6€30TKa3HOIl pabOThI
Kaxaoro snemenTa 3a Bpems T paBna 0,5. [lia Ge3aBapuiiHoii paboThl mpudopa
JI0OCTaTOYHO, YTOOBI XOTS OBl OAMH »3JeMeHT Obl1 uchpaBeH. Kaxosa
BEPOSTHOCTH TOTO, UTO 3a Bpems T mpubdop Oynet paboTaTh 6€30TKa3HO?

4. BeposTHOCTh BBIMTpHIIIA IO OJHOMY JoTepeitHomy Omnety =0,3. KakoBa
BEPOSITHOCTh TOTO, YTO U3 CEMU TNPUOOPETEHHBIX OWJIETOB TpU Ouiera
OKa)KyTCsl BBIUTPBIIIHBIMU?

5. Maraszun nonyuun 40 nperaneil. BeposATHOCTP HanW4Ms HECTAHAAPTHOU
neranu B mnaptuu  paBHa 0,04, Haiitu Haubosee BEpOSTHOE YHUCIIO
HECTaHJAPTHBIX JETANIC B 3TON MMAPTHUH.

6. BepoATHOCTP HW3rOTOBJIIEHHMsS HAa aBTOMAaTUYECKOM CTaHKE CTaHJApPTHOU
neranu paHa 0,8. Haiins BEpOATHOCTM BO3MOXHOIO 4YHCJIA IOSBIICHHS
OpaKOBaHHBIX AETaJIel cpeAr 5 0TOOpaHHBIX, HAUTH HAUBEPOSITHEHILIEE YUCIIO
MOSIBJICHUSI OpaKOBaHHBIX AETalIel U3 5 OTOOPAHHBIX, YKa3aB €ro BEPOSITHOCTD.
7. CKoJbKO pa3 HEOOXOAUMO MOAOPOCUTh WIPAIbHYIO KOCTb, YTOOBI
HaMBEpOSITHENIIIEE BBINAIEHUE TPOUKHU ObLIO paBHO 107?

8. JI1s1 JaHHOTO YYaCTHUKA UTPbl BEPOSITHOCTh HAOPOCHUTH KOJIBIIO HA KOJIBIIIEK
=0,3. KakoBa BEpOSITHOCTb TOTO, YTO MPHU IIECTH OpOCKax 3 KOJbla OKaXKYTCS
Ha KOJIbIIIKE?

9. Ha camonete umerorcst 4 0IMHAKOBBIX ABUTaTENs. BeposTHOCTh HOpMalbHOM
paboThI KaXkI0r0 ABUraTels B Mojere paBHa p. HaliTu BeposITHOCTB TOTrO, YTO B
II0JIETE€ MOTYT BO3HUKHYTh HEMOJAAKN B OJHOM JIBUTATEIIE.

10. BeposiTHOCTh OTKa3a KaxkJoro npubopa mpu ucnbitanud paBHa 0,4. Uro
BEpOATHEE O0XKHUJATh: OTKAa3 JBYX NPUOOPOB MpPU HCHBITAHUU YETHIPEX WIIH
OTKa3 TpeX NpuOOpPOB MPHU UCHBITAHUM IIECTH, €CIU MPUOOPHI UCTIBITHIBAIOTCA
HE3aBUCHUMO JIPYT OT Apyra?



Ipaxmuueckas paboma Ne2()

Tema: [IuckperHas  ciayyaiHas  BeJUYMHA M ee  YHCJIOBbIE
XapaKTepUCTHKH.

Heab: copmupoBaTs yMeHHE pemiaThb 3a7Jaud Ha  HaxOXJICHHUE
MaTE€MaTU4eCKOro  OXHWAAHMS, JHUCIIEPCMH W CPENHEr0  KBaJIpPaTUYHOIO
OTKJIOHEHHH.

Teopernyeckue cBeleHUsI K MPAKTHYECKOH padore

Lluckpemmnas cnyuarinas euduna u ee Yuciogvle XapaKmepucmuxy

CrnyuaiiHas BeanuuHa X — 310 uncnoBas GyHKuus X = f (), onpenencHHas
Ha MPOCTPAHCTBE 3JIEMEHTApHbIX COOBITUH. CiyyallHblE BEJIMYMHBI, MMEIOIIHE
CYCTHBIE MHOXECTBA BO3MOXKHBIX 3HAYE€HMM, HAa3bIBAIOTCA JHUCKPETHBIMU.
JluckpeTHas cilydaiiHas BEJIWYUHA OIIPEEIIeHa, €CIIU U3BECTHBI BCE €€ 3HAUYCHUS U
COOTBETCTBYIOIIME WM BEpOSITHOCTU. (COOTHOLIEHHE MEXKIYy BO3MOMXKHBIMU
3HAQYCHUSAMU CIIyYalHOW BEJIIMYMHBI U COOTBETCTBYIOIIMMU UM BEPOATHOCTIMU
HAa3bIBAIOT  PACIPENEICHUEM  BEPOSTHOCTEM  CIydYalHOW  BeaWYMHBL.  [[ns
JMCKPETHOM CIy4alHOM BEJIIMYMHBI 3TO COOTBETCTBUE MOXKET OBITh 3alKCaHO B

Bujie TabIuLBL: Y p, =1
i=1

Xi Xy X Xn

Pi P1 P2 Pn

MaremaTu4eckuM  OXKUJaHUEeM (CpEJHUM 3HAYEHUEM) AUCKPETHOMU
CIIy4allHOM BEeIWYMHBI X HA3bIBAOT CyMMY IPOU3BEACHUN BCEX €€ BO3MOXKHBIX

3HAYEHHU HA COOTBETCTBYIOIINE UM BEPOATHOCTU M (X) = in p;
i=1

Jucnepcuerd  DUCKPETHOM  CIAy4YalHOM  BEIMYMHBI X  HaA3bIBAKOT
MaTeMaTUYECKOE OKUJIaHHE KBaJpaTa OTKJIOHEHHUS CIy4YallHOW BEJIUYUHBI OT €€
MaTeMaTHUeCKOro oxuaanus D(X)=M(X-M(X))*. Jlucnepcus JIUCKPETHOM

CITy4yallHOW BEJIMYMHBI BBIUUCIAETCS IO GOopMyJiaM:
n
2
D(X) = Z(Xi _m) P;
i=1

D(X) =M (X*) = (M (X))’

Cpe,Z[HI/IM KBaJpaTUYHbIM OTKJIIOHCHHECM )II/ICerTHOP'I cnyqaﬁﬂoﬁ BCJIIMYUHBI

Ha3bIBAIOT KOPEHb KBAJAPATHBIA U3 TUCIIEpCUU o (X) = wfD(X) .



Ecnu cnyvaitHass BenmmumHa X wWMeeT OWHOMHAIBLHOE PACIPEICICHHE
BEPOSATHOCTEM, TO

M(X)=np D(X)=npq

Ilpumep 1. CnydaitHas BenuuumHa X 3a7aHa TaOJMIIEH pacrpeesieHUs
BeposiTHocTel. Haittu M(X), D(X), o(X).

Xi 2 5 8 9
pi 0,1 0,4 0,3 0,2
Pewenue:

M(X)=2-0,1+5-0,4+8:0,3+9:0,2=0,2+2+2,4+1,8=6,4
M (X2)=4-0,1+25.0,4+64.0,3+81.0,2 = 45,8
D(X) =45,8-6,4° = 4,84

o(X)=D(X) = /4,84 = 2,2

Ilpumep 2: HaillTu MareMaTH4ecKoe OXHUAAHUE W JUCIEPCHUI0 YHCIA
JIOTepENHbIX OUJIETOB, HA KOTOPBIE BBINAAYT BBIUTPHILIM, €cid npuodpereno 100
OUJIETOB, a BEPOSATHOCTD BBIMTPHIIIA HAa KaXKIbli Omter pasHa 0,05.

M (X) =100-0,05=5
Pewenue:. D(X) =100-0,05-0,95=4,75

o(X)=D(X) =+/4,75 =2,18

Coaepxanue NpakTHYECKON padoThI

3amanue: HailTu 4YuCIOBBIE XapaKTEePUCTHUKUA AUCKPETHBIX CIy4ailHBIX

BEJINYUH:

1. Haiitn matemaTrdeckoe OKMJIaHHE CITydyalHOW BEIMYMHBI X, 3HAas 3aKOH €€
pacrpeneneHus:
Xi 3 5 2
pPi 0,1 0,6 0,3
2. BeposTHOCTh TomanaHusi B IeNb Tpu cTpenboe u3 opyaus 0,6. Haiitu
MaTeMaTHYeCKOe OXKHMJaHWe OOIero 4Yuciaa IONajgaHui, ecim Oyner
npousBeaeHo 10 BbICTpENOB.
3. Haiitu nucrniepcuto ciiydailHOM BemWYHHBI X, KOTOpasl 3a/laHa CJEeIyIOIUM
3aKOHOM pacCIpeICIICHUS:
Xj 1 2 5
Pi 0,3 0,5 0,2
4 HaliTu nucrnepcHio Cly4ailHOM BeNIMYMHBI X, KOTOpas 3ajaHa CIEAYHOIIUM
3aKOHOM pacCIpeIeICHHUS:
X 2 3 5
Pi 0,1 0,6 0,3




Ipaxmuueckas paboma Ne2 1
Tema: ®opMyJia NPAMOYI0JIbHUKOB.
Heab: copmupoBaTh yMEHHE BBIYMCIATH HMHTErpajibl 1o  (opmyse
IPSAMOYTOJIbHAKOB.

TeopeTquCKHe CBCIACHHUA K HpaKTI/I‘IeCKOﬁ paﬁoTe

b
[Tycth TpeOyeTcst HAWTH ONpeAeICHHbBIH HHTErpa I f(x)dx ot mempepsiBHOM GyHkmuu f(X).

a
Ecnu MoxHO HaiiTu niepBooOpasnyro F(X) dynkiuu f(X), To nHTErpan Berauciasercs mo Gpopmyie
Herotrona — JleitOnuna. Ho He Bcerma mepBooOpasHass (GYHKIIMH BBIpaKAETCS depes
aJieMeHTapHble PYHKIUHU. B 3TUX M APYrux ciiydasx UCHOJIB3YIOT MPUOIMKEHHBIE (OPMYIIBI, C

MIOMOIIIbIO KOTOPBIX OMPEICICHHBIM HHTErPal HAXOIUTCSA C JTF00O0H CTENCHBIO TOYHOCTH.
HauGonee ynorpebnsiemas hopmyina — popmysa mpsMoyroabHUKOB.

MeTtoa IPIMOVIO0JIbHUKOB.

ITyctp Ha otpeske [a ; D], rme a < b, 3amana wenpepsiBHas ¢ynkius f(X). Tpebyercs

b
BBIUMCIUTh  HMHTErPaj If(x)dx, YUCIIEHHO  paBHBIA  IUJIOLMIAJAM  COOTBETCTBYIOIIEH

a

KPUBOJMHCHWHON Tpamenuu. Pa300beM OCHOBaHUE 3TOM ¥ p = ‘@'
. b-a ot
Tpamenuu Ha 7 PaBHBIX 4acTeil HMHBI h=——=X —X ;. <ol
n 7#
| |
ff Colo !
. X, + X vl
Torma X; = Xo+hi. B cepenune ¢, =~ Ka)I0ro Takoro V. L
2 /’u[ : : I :
~ | | |
oTpe3ka rnocrpouM opauHary Y, = f(C,) rpaduka ¢y y / ! : N I
1 | | I |
1 I | I
= f(x). IlpuHsSB 5Ty OpAMHATY 3a BBICOTY IOCTPOUM / A I N B
(). Ip y OpauHaty y P x| | bbb x
TIPSAMOYTOJIBHUK € MJIOMIA IO o a% 9 G p
= . puc.3.f
S, =h-y,. Torma cymma momasei Bcex 7 IMpsIMOYTOJIbHIKOB
(mpu 1oCTaTOYHO OOJIBIIOM 7) TAeT TUIOMIAAL TPUOIUKEHHO PABHYIO IUIONIAIA TPANEIUH, T.€.
b o _ _ no_ n
jf(x)o|x=sl+s2 +Sy Sy =N (Fy + Y, + V5 +oeno)=h- D §, =0 (C))
a =1 =1
T.C.
b
b—a <& Xia+X
.[ f(xX)dx = Z f % + |Rn(f] - ¢dopmy.a NPSIMOYT0JIbHUKOB
a i=1

(1)



AOCONI0THAS IOTPEIIHOCTh METO/1a OTIPEIENIAETCS] HEPABEHCTBOM:

R(1)< O M

YN

roe M., = max
e M =

IIpumep 1: Bpruuciute uHTErpai I x*dX 1pu 7 = 4, UCTIONB3Ys METOJ MPSAMOYTOIHHUKOB.
0

Pemrenne.

b n 2

J £ (k=2 zf[x ”j ()= [xax= 22 if(x ”j R.(f)=
a 1 0 i=1

(5 (5 (552 (5

T.K. X; =X, +1-h n h:%:

X, =0 f(xOJerj—f 0+ Z]f(i)(lf 1
X, =X +1-h=0+1.2=1 2 2 4)"\4) "ea
272
+1 8
Xo=x+2:h=0+2.2=1 | f[X2Xe)_ % :f(§j=[§j _z
2 2 2 4) \a) 64
1 3
X =X, +3-h=0+3-==—
2 2 f(x2+x3j—f 1+%Jf §j_(ﬁj3_12_5
2 2 4) \a) "es
X, =X, +4-h= O+4% 2

3
|Rn(f)|sM rie M, = max| £(x)

24n?
3
f"(x)=6x, M, =max[6x =12, |R,(f)< (2-0)"-12_ 9% ~ 0,25
[0;2] 24-16 384
2
CrenoBaTenabHO: ngdx ~ l i +— 27 +— 125 +— s +0,25~ 3,875+ 0,25
2\64 64 64 64

IIpumep 2: 3Has, 4TO MOTPEIIHOCTh METOAA MPSIMOYIOJBHHUKOB IPH BBIYMCICHUU HHTErpasa
2

'[X3dx coctasisieT 0,125, onpenenuTs 9ucio pa3oueHH 7.
0



23.12
24-n?

Pemenue. Mcnomnb3ys Gpopmyny (2) momyuum 0,125 <

YMHOXHM TIpaByl0 ¥ JIEBYl0O YacTH HEpaBeHCTBA Ha JpoOb

2o % 96 _

n<———= 32.
24.0125 3

T.€ nS\/@ i n<5

Coaep:xxaHue NpaKTH4eCKOH padoThl

2
[To d¢opmyne npsAMOYroJbHUKOB  BBIYHCIUTH IZI&dX’
1

uHTerpupoBanus Ha 10 yacteil. OLEeHUTh NOrPEUIHOCTb.

(Omsem: | =1,20+0,025)

0125°

pa30uB

TOoraa

WHTEpBaI



Ilpakxmuuecxas paboma Ne22
Tema: BoluuciieHre HHTErpaJjiOB METOA0M TPAaIeuil.
eab: chopmupoBaTh yMEHHE BBIYUCIISATh HHTETPAIIBI IO (hOpMYyJIe Tpareluii.

TeopeTquCKHe CBCIACHHUA K HpaKTI/I‘IeCKOﬁ paﬁoTe

Metoa Tpanenui.

Qopmyny Tpameluil MOJIy4arT aHaJoTHYHO (GopMylie MPSIMOYTOJIbHUKOB: Ha KaXJIOM

YaCTUYHOM OTPE3Ke KPUBOJIMHEHHAS TPAIICIUs 3aMEHSETCSI OOBIYHOM.

Ilycts Ha otpe3ke [a ; b], rme a < b, 3agana

¥ nenpepbiBHas (yakius f(X). TpebGyercss BBIYMCIMTH

/‘:\ ;
HUHTETpal J.f(x)dx, YHUCICHHO PAaBHBIA IUIOIIAAN

4 2
v =f ) COOTBETCTBYIOILIEH KPHUBOJIMHEHHON Tparenuu.
. Pa3o0beM OCHOBaHHME ATOW TpaleUd Ha 7 PABHBIX
B ¥ Kl ¥ " b-a .
LIRdRe " yacted AIMHBI h=—— =X, — X, ,. TOrAa X;j = Xo+hi,

@ &% Xy Xy X, b=, x

puc 3.2 i =1 (x).

Tak kak miIomaAr KPUBOJWHEHHOW  Tpamneuuu

NpUOIM3UTENILHO paBHA CyMMe IUIOIIACH Tparenuil Sj, BbICOTa KaXKI0i U3 KOTOPhIX paBHa h,

TO:

b

[F00dx xS+, +5; + s, =h- Jo T Ho g oy |y Yoa ¥

) 2 2 2

=h.(y()4r2y1+2y2+ ....... + 2y, +2Y; e, 2yn_1+yn] b—a(yoern . +yn—lj

2

AoOcomoTHas MOrpeirHOCTbL METOJa (aHaJ'IOFI/I‘lHO METOY HpﬂMOerJIBHI/IKOB) COCTaBJIACT:

b-a)-M '
|Rn(fjs% e M, :r[r;%>]<|f (X))

(4)

b

Toraa j f(x)dx =~ b-a -(yo _; Yo +y, Y, + + ynlj + |Rn(f] - (dopmyaa Tpaneumii.
2 n

()

2
IIpumep : Beruncnuts MHTETpan jx3dx Ipu 1 = 4, UCIOJIb3ysI METOJ TPAMEIUH.
0



Pemenne. [1o popmyne Tpanennii:

2

_[Xsdxz 2;0.(y042—y4 +y1+y2+y3]i|Rn(f)|,T.K. X =X, +i-h, hZ%,TO

0

X =0, xl=x0+1-h=0+1-l=1, x2=x0+2-h=0+2£=1, Xy =X, +3-h= 0+31
2 2 2 2

x4:x0+4-h:0+4é:2-

Haiinem norpemHocTs:

(b_a)s'MZ _ "
|Rn(f1ST Tac M2 —rgi)f f (X)|

f) 12 1

=05
12 16 T2

f"(x)=6x, M, = r[rg;az>]<|6x| =12,

CiiegoBaTeIbHO

2
jxstzl-(E+1+l+27j+05 4,25+05
) 2l 2 '8 8

Coaep:xanue NpakTHYECKO padoThI

2
1. Ilo ¢opmyne Tpanenuii Beruncauts | = I\/;dx , pa30OMB MHTEpBal MHTETPUPOBAHUS Ha
1
10 gacteil. OLIeHUTh NOTPEIIHOCTb.

(Omeem: | =1,218+0,002)

2. Tlo gopmyne Tpamenuii BEIMUCIUTE | = I&dx , pa30OMB MHTEpBal MHTETPUPOBAHUS Ha
1
10 gacteit. OLIEeHUTh TOTPEITHOCTb.

(Omeem: | ~1,218+0,002)

_y2
3. Tlo popmyne Tpaneunii BoIUUCIUTE | = I e dx, ¢ rounoctsio 10 0,01
0

(Omeem: n =4, |1 =0,75+0,01)

2
4. Tlo popmyne Tpaneuuii BHIYUCIUTE | = I—dx ¢ Toy”ocTho 10 0,01
+ X

(Omeem: n =6, | ~0,67+0,01)



Ipaxmuueckas paboma Ne23
Tema: ®opmysa Cumicona.
Hesb: chopMupoBaTH YMEHHUE BHIYUCIATH UHTETPaJIbl IO popmyse CUMIICOHA.

TeopeTquCKHe CBCIACHHUA K HpaKTI/I‘IeCKOﬁ paﬁoTe

Ecnu 3amenuTh rpaduk QyHKIHHM Ha KaXIOM OTPE3Ke [Xi—l; xi]He OTpe3KaMM IpPSIMbIX, KaK B

MeToJlaX MPSIMOYTOJbHUKOB W Tpaleluii, a ayraMd mnapaboj, TO MOJXyduM OoJiee TOUYHYIO
b

dbopMyITy IPUOIMKEHHOTO 3HAYCHUS HHTETpajia j f(x)dx .
a

[IpenBapuTesbHO HAAEM BCIIOMOTATENIbHYIO IUIOIAAb

M y=ax*tbxte S KPUBOJNMHENHON Tpaleluy, OPaHUYEHHOU CBEPXY

napabouoit y = ax’ + bx + ¢, npsambiMu X = -h, X =h

u otpeskoM [-h; h].

[Tycts mapabosa npoxoaut uepe3 touku Mi(-h;

20),
-k a 2 x Mz(O; yl) u Mg(h,‘ yz).
puc 3.3 Y, = a(-h)? +b(~h) +c =ah* -bh+c

y,=a-0°+b-0+c=c
y, =ah* +bh+c

(6)

TOrJa MmoJiyd€HHas 1jiomaib:

h X3 XZ h
S= j(ax2 +bx+c)dx=a"-+b " +cx|
—h 3 2 -h

3 2 _h)3 —h)?
ol [ EN +c(=h) _ 2ah° 4 2¢h (1)
3 2 3 2 3

Beipa3zum nonmyyeHHoe 3HaueHUe yepe3 yo y1 U y2. Mcnonb3ys dopmynsl (6) momydum C = Vi,
1

a= e (y0 -2y, +Y, ) [ToxcraBmnss nomyueHHbIe 3HaYeHUS B (7) MOITYYUM:

h
S=§(yo+4yl+y2) ()

[TycTh naHa KpUBOJMHEWHAs Tpamnelus, orpannucHHas ynkiusamu Y =f (X), X =a,Xx=b,y =

0.



y 1. Pa3obObem orpe3ok [a ; b] ma 2rn paBHBIX

. . b—a
vacreii. [loxyunm orpesku qmuHOW h = o
n
©)
2. B Toukax JeNCHHS BBIYMCIMM 3HAYCHUS
byHKIIIT
y=Ff(): yo y1 y2 e, Yan2 Yot Yon.
3. 3ameHum KaKIYH0 napy COCETHUX
X Xp Xg X Xy KPUBOJMHEWHBIX Tpaneuuil mnapadoIndecKuMu
puc 3.4 TpanenusiMU ¢ OCHOBAHUAMM, paBHbIMU 2.
Ha otpeske [Xo; Xo] mapabosa mpoXoauT uepe3 TOUKH (xo, o), (1, ¥1), (x2, ¥2).
Xy h
Ucnons3ys popmyiy (1) momyaum S, = I f(x)dx = g(y0 +4y, +Y,)
Xo
X4 h
AHaIOTHMYHO Ha OTpe3Ke [Xz; Xa]: S, = j f(x)dx = E(y2 +4y, + y4) U T. 1. 10
X2
Xan h
Sn = J‘ f (X)dX = §(y2n—2 + 4yZn—l + y2n)
CrnenoBarenbHO:
b
I f (X)dX = Sl + Sz Tt Sn = g(yo +4y1 + y2)+§(y2 +4y3 + y4)+ '''' +§(y2n—2 +4y2n—1 + y2n)
a

h
= 5[()’0 + yzn)+4(y1 Y3+t y2n—1)+ 2(y2 tY, Tt Yo, )]

. b-a
YuuTsIBas MOrpeIIHOCTh BEIYMCICHUN |Rn | u h= , moyaum popmyny Cumiicona

b
b—
I f(x)dx = 6—:[(y0 + Yo ) MYy + Vg H et Yora )+ 2(Y, + Vg ot ¥ )] E[R
(4)

AOCoIOTHAS TTOTPENTHOCTh METO/Ia OIICHUBAETCSI COOTHOIIICHUEM:



(b_a)5 ‘M,
Ri(1) < 180-(2n)*
(5)

rie M, = r[nab>]<\f V(%)

Ipumep :
2

Berurcnute WHTETpan jx3dx , ICTIOJIB3Ysl METOJT Tapaboi ipu n = 4.
0

Pemenmne.
KonuuecTBo pazouenwmii 2n = 8, h:ﬂ:11 f(x)=x
2.4 4

CocraBum TabIUILY:

X yO ) y8 Yuemnoe Yueuemnoe

= f(0) =
Xo—o )(;%: ()
1 1 1) (1) 1
T g . (4) (4) 64
2 1 1) (1) 1

X, =0+2-—=—=— =fl=|=|=]| ==
? 474 2 Y2 (2) (2) 8

1 3 3) (3} 27
X, =0+3-==— —fl 2|22 2L
3 4 4 s (4) (4) 64

1 4
X, =0+4-7=-=1 y,=f1)=1°"=1

1 5 5) (5) 125
° 4”4 & (4] [4) 64

1 6 3 3) (3 27
X —0+6 —=—=—= = — | == =—
s 44 2 e (2) (2) 8

1 7 7Y (7Y 343
7 4 4 y7 (4) (4) 64

= f(2) =

Xg = 2 )2/83:8()

PaccMoTpuM morpemnHocTs MeTofa:

5
|Rn (f )| < % =0 (/loka3aTh CaMOCTOSTENBHO).
(2n

[To popmysne CumncoHa nosyyaem:




2
Ix3dx=ﬁ (0+8)+4[i+£+12—5+%j+2(1+§+2j +0=38_4
6-4 64 64 64 64 8 8 8 12

CopepixaHue npakTH4YecKoii padboTbl
1
1.ITo popmyne Cumncona BeIYUCIUTh | = I V1+x?dx, ¢ Tounoctsio 10 0,001
0
(Omeem: | ~1148+0,001)
© dx
2.ITo ¢popmyne CumricoHa BEIYUCTUTH | = J. — > € TouHoCTHIO 710 0,0001
X
1

(Omsem: n =10, | ~0,50001+0,0001)

2

dx
3.ITo popmyne Cumricona BEIYUCTUTH | = J-— , ¢ TouHocTb1o 110 0,01
X
1

(Omsem: n =35, |1 ~0,69+0,01)

In x

4.ITo popmyne Cumriicona Beruucauth | = | —dx, ¢ Tounoctsio 1o 0,01
X

e 1

(Omeem: n =4, |1 ~0,24+0,01)



llpaxmuueckas paboma Ne24
Tema: UuTepnosmpoBanue GyHKUIMIA.

Heab: chopmupoBaTh yMEHHE MPUMEHATH POPMYITBI HHTEPIIOTUPOBAHHUS
(YHKIINH NIPU pEIICHUH 3a/1a4.

HNuTepnoasinnoHHbLIN NoJHHOM Jlarpam:xa.

[Tycth nana tabnuiia 3HAYCHUI

X X1 X2 X3 | e Xn

Y | V1| Y2 | V3| e Vn

Tpebyetcst coctaBuTh nonuHoM (pyHkimo0) Y = f (X) cremern M < n — 1, KOTOPBIA MPHHAMAT
Obl 3a/JlaHHbIC 3HAYCHUS Vi MPU COOTBETCTBYIOMIMX 3HaueHwsx X : Yi =f (x) (i =1, 2, 3,

......... n). Uapimu cioBamu rpaduk GyHKINU TOIDKEH MPOXOAUTH Yepe3 3aaHHbie Touku M (X;;

I[aHHaH 3aj/lavda BBIIIOJIHMMA TP UCITOJIb30BAHUHU MHTCPIIOIALMOHHOI'O ITOJIMHOMA JIarpaH>1<a:

f(x) = Y10(X) +
(X_Xl)(xl _XZ)(Xl _Xs) ------- (Xl _Xn)
Y,0(X) +
(X_Xz)(xz _Xl)(xz _Xs) ------- (Xz _Xn) ......
N Yo () 1)
(X_Xn)(xn _Xl)(xn _X2) """" (Xn _Xn—l)
17001
f(x) = i Y @(X) ?)
i @' (X)(X=%,)
rre @(x) =(x—x)(x—x,)(x —x3).enen (x—x,) - BcmomorarenbHast GYHKIUSA 7n-i CTENIEHH, B

KOTOpOfI Xj— 3aJJaHHbIC TaOJUYHBIC 3HAUCHUS ApryMcCcHTa.

Ipumep 1: CocraButh noauHoM Jlarpanika, yIOBJICTBOPSIONINN Ta0IHIIe 3HAUCHUI
X 1 2 3 4
y 2 3 4 |5

Pemenne. Beciomorarensras pyakmnus ¢(x) = (x —1)(x —2)(x —3)(x —4)



Berarcium @' (x) mociaenoBaTeIbHO MPU TAHHBIX 3HAYCHUSX X:

@'(x) = (x - 2)(x - 3)(x - HH(x - (X - 3)(x - HH(x - (X - 2)(x - 4)+(x - D(x - 2)(x - 3);

P'D=-6, 9 (2)=2, ¢’} =-2, ¢'(4) =6.

Torma o gpopmyne (1)

f(x)= %(x— 2)(x=3)(x—4) +g(x—1)(x -3)(x—4) +i2(x -1)(x—2)(x—4) +%(x -1(x—2)(x-3)
==x+1

Taxum 06p330M, B JaHHOM ClIyda€ B Kad4€CTBE€ HHTCPIIOIALIMOHHOI'O IIOJIMHOMA HaﬁneHa

muHerinas Gyakmus T (x) =x + 1.

Hutepnoasinmnonuas popmyaa Hororona.

[Tycte  yo, V1, Vo,eeen. — 3Ha4yeHus HekoTtopod ¢yHkuuu Y = f (X), coorBeTcTByMOIIHE

DPaBHOOTCTOSIIUM 3HAYCHUSIM aPTYMEHTAM X0, X1, X2, ....... (T.€. xk+1 — Xk = AX = const ).

Beenem 00038aueHUS:

Avo=y1—y0, M1 =y2—y1, Ay2 =¥3— V2, cevreen. y AVp-1 = Yy — Vu-1 - PA3HOCTH TIEPBOTO MOPSIIKA

JTaHHOU (QyHKIUU;
A2y0 =A y1—-A yo, A2y1 SAY2-A VL, i — Pa3HOCTH BTOPOT'O MOPsIIKa

A" yo =AY —A"yo, ATy =AYy Ay, . — pasnoctu (n+1) - ro mopsiaka

HpOI/I3BOI[H IIOCJIIC0OBATCIILHBIC ITIOJCTAHOBKH, HOJ_IyIH/IM:
n

Nyo =y2-2y1 + 0, A%yo=p3-3y2 +3y1-y0, e 'Yy = D (-D*CK -y,
k=0

[Tono6HbBIM 3x€ 00pa3oM MoTydaeMm:
yi=yo+Ayo, v2=yo+ 2Ay0 + A%, y3 =10+ 3 Ayo+ 3A%p + A%y, ...

: N n(n—1 N
Ya =ZC§Akyo =1+4A)" Y, =yo‘*‘nAyn'F%AZYO"‘"""'A Yo 3
k=0 !

3amnumieM TaOnuIly pa3HOCTEMH:

Xo Yo
A yo

X1 »n Ayg
Ay A3yo

X2 )2 Ny, Ay
Ay A3y1

X3 )3 Ny,
Ay

X4 )4



Ecnu B popmyne (3) mOTOKHUTH, UTO # — HE TOJIBKO IIETI0€ U MOJIOKUTEIBHOE YHCIIO, 3 MOXKET

OBITh JIIOOBIM 77 = 1, TO MOJXYYUM UHTEPHOISIUOHHYIO popmyny HproToHa

t t(t—1)

i =Yo +iAyo + A3yo Fo +Aryo (4)

,  tt-D(t-2)
21 AYo 3

MBI nOTy4YHIN Takyro pyHKIUIO OT t, koTopas obpamaerca npu t=0 B yg, ipu t=1 By;, npu
t=2 By, uT. 1. [lockonbKy mocneayomee 3HaYCHHE apryMEHTa X [IPU TOCTOSTHHOM miare h

X, —X
n_"0 Torpga, monaras X = Xo + th,

omnpenensercss opMysnoi X, = Xp + nh, to n=

t= X=X npuseneM hopmyny (3) k BULY
X —X (Xx=%,)(x=x%, —h) N
Y, =Y, + C Ay, + 02'h2 0 TAY) F e, 3)
II e 2:
P S T1 723 4567
N3 Ta0IHIIBI

y | 3| 7 |13 |21|31|43 |57

Haiitu 3navuenue y npu x = 3,1, monb3ysich HHTEPIOISAIIMOHHON Gopmyroii HeloToHa.

Pemenne. CoctaBuM TaOIUIly pa3HOCTEH:

X y Ay A’ y A’ y
3

4
2 7 2

6 0
3 13 2

8 0
4 21 2

10 0
5 31 2

12 0
6 43 2

14
7 57

3pecbxo=3,x=3,1, h=1.Torma { _ X=X :3,1—3:01
h 1 ’

Wnreprnonsuunonnas popmyna Herotona (4) mist storo cinydas: y =y, + £| Ay, + t(t-1

2
1 2l AYs



0,1(0,1—1)

CrnenoBatenbHO ), =13+ 01-8+ .2=1371,T.e.mpu x =3,1 y=13,71

2=x"+x+1

Wnrepnonsiuonnas pynxuus Herotona (3°) y=3+(x—-1)-4+ K=D(x-2)
2

ConepxkaHue NpaKTHYECKOH padoThI
1. Hcnonb3ys uHTepHoOIAIMOHHYIO (opmyny Jlarpamka, HailTH ypaBHEHHE MapaboOIbI
npoxosiiei yepe3 Touku (2; 0), (4; 3), (6; 5), (8; 4), (10; 1).
(Omeem: y = %(x“ - 26x° + 220x% — 664x + 640))

2. Jansl Touku (0; 3), (2; 1), (3; 5), (4; 7). Ucnonb3ys MHTEPHOIAIMOHHYIO (HOPMYITY
Jlarpanka, cOCTaBUTh ypaBHEHHE (DYHKIIMHU, MPUHUMAIONICH yKa3aHHBIC 3HAYCHUS MPHU
3aJJaHHBIX 3HAYCHHIX apryMEHTA.

(Omsem: y = — % (- 23 -15x* + 25x -9))

3. Hcnonw3ys wuHTepnonsnuoHHylo ¢Gopmyny Jlarpamxka, mOCTpOUTH  (PYHKIHIO,
NPUHUMAIOIIYIO 3HAUCHHUS 33/1aHHbIE TaOINIICH.

X 1 3| 4|6
y | -7 5 8 | 14

(Omeem: y = %(x3 -13x% + 69x -92))

4. Hcnonb3ys HMHTEPIOJSAIUMOHHYI0 (opmyny JlarpaHxka, NmocTpouTh (GyHKIHIO, rpadux
KOTOPO# MpoXoauT yepe3 Touku (2; 3), (4; 7), (5;9), (10; 19).

(Omeem: y =2x -1)

5. HaiiTi uHTEpNOISIMOHHBIA momrHOM HbtoroHa i Gyakimu Yy = f (X), eciiu u3BecTHBI
ee 3nauenus f (1) =6, f(3) =24, f(4)=45.

(Omeem.: y = 4x% - Tx+ 9)

6. Haiitu unTepnonsauuonnsli nomuaom Hetotona ana pynxuuu f(X)= 2° u ee 3HaveHuam
B TOYKaX Xxo =-1,x1 =0, x, =1, x3 =2, x4 = 3 u Beruucauts f(-0,5) u f(2,5).

(Omeem; y =8 + 4(X - 3) + (x—j’)(x - 2)+ %(x_j’)(x - 2)()C— 1) +4i8 (x_ 3)()(? - 2)(x_ ])x’
f(-0,5)= 0,700, f(2,5)=5,658.)



Ipaxmuueckas paboma No25
Tema: IIpudan:keHHoe pemienne 1M pepeHINATBHBIX YPABHCHUH.
Heab: chopMupoBarh yMeHUE BBIYUCIATH AU(PepeHInanbHbIEe ypaBHEHUS
MeToaoM Ditniepa u Pynre-Kyrra.

Teopernueckne cBeleHUsI K NPAKTHYECKOH padoTe

Metoxa Diiyiepa.

[Tycth TpeOyercs pemnts 3aaavy Kommu: Haiitu pemienue quddepeHnaabsHOro ypaBHeHUS

% - f(xy) 1)
X

yJIOBJIETBOPSIOIIEE HAUaIbHOMY YCJIOBUIO V(Xg) = )0 .

[Tpu uncnennoMm pemenun nauddepenuanbHoro ypasuenus (1) 3agaua craBUTCs CIEAYIOUUM
o0pa3oM: B TOYKAX Xg, Xo, X1, X2 ,...., X, HaWUTH OpUOIMKEHUA Y, (k =1, n)ZIJISI 3HAa4YCHUU

TOYHOT'O PEUICHUS (Xy)

Pasnocte  Ax, =x,_, —Xx, Ha3pIBae€TCA WIATOM CeTKH. Bo MHOrux ciydasx BenH4YuHy Ax,

IPUHUMAIOT ITOCTOAHHOM. ITycTs Ax, =h, Torxua
X=X +kh e (k =1, n) )

Merton Sﬁnepa OCHOBAH Ha HCHOCpeHCTBeHHOﬁ 3aMCHC HpOHSBOI[HOﬁ Pa3HOCTHBIM OTHOLICHUCM

Mo MPUOIUKEHHON PopMmyTie

%= f(x;y), e Ay = y(x+h)-y(x), Ax=(x+h)-x=h  (3)

[MpubnuxeHHOE 3HAYCHHUE ), B TOUKE Xk = Xo +Kh BbIuucnsercs mo popmyire:

Yir = Y Th- T (X5 Y, ) - bopmyna Jiinepa 4

IIpumep 1: Metogom Diinepa HalTH 3HAYEHHs] PELICHUS YPaBHEHUS % =2x—y, aus
KoToporo y(1) = 1, B st Toukax orpeska [1; 1,5], npunss h = 0,1

Pemenne. [To popmyne (2) Haxoaum Touku xo = 1, x1 = 1,1, xo = 1,2, x3=1,3, x4 = 1,4, x5 =
1,5. 3HaveHus UCKOMON QyHKIHMH y = y(X), YAOBIETBOPSIONIEH YCIOBUSM JTaHHOW 3a/adyd

Ko, Beraucisiem no popmyne (4). Pesynabrarsl BeIUCIEHNN 3aHeceM B TaOIHILY.



k Xk Yk 2 Xk, Vi) = 2% - Vi hf(xi, Yk ) = 0,1(2X« - Y1) Yot = Vi + hf(Xi, Yic)
0 1,0 1,0000 2,0 1,0000 0,1000 1,1000
1 1,1 1,1000 2,2 1,1000 0,1100 1,2100
2 1,2 1,2100 24 1,1900 0,1190 1,3290
3 1,3 1,3290 2,6 1,2710 0,1271 1,4561
4 14 1,4561 2,8 1,3439 0,1344 1,5905
5 15 1,5905 3,0 1,4095 0,1410 1,7315

Meton Pynre — Kvrra.

TOYHOCTH).

(Omuu u3 Haumbosee ymoTpeOIsieMbIX METOJIOB IOBBIIICHHOM

[Tycts ¢hyHkums y omnpenensiercs aupdepeHnnanbHbM ypasHeHnuem Y = f(X; y) ¢ HauaibHBIM

ycloBueM y(Xo) = yo . Ilpu yuciIeHHOM UHTETPUPOBAHUH TAKOTO ypaBHEHUS Mo MeTtoay PyHre —

KYTTa OIpCACIIAIOTCA YCThIPC YHCIIA:

k, =h-f(x;y)
k,=h- f[x+n; y+ﬁj
2 2
h k ®)
k,=h-f|x+—;y+-2
3 ( 5 y > j

k, =h-f(x+h;y+k,)

Ecym onoxuts Y(X+h)= y(X) + Ay , To MOKHO JT0Ka3aTh, UTO
Ay ~ %(kl +2k, + 2k, +k,).
[Tomygaem CIenyIONyI0 CXeMY BBIYHCIICHHUI:
X Y ki Ay
Xo Yo ki
k
X, +— Yo + El ko .
Ay, = =(k, + 2k, + 2k, +k,)
h k, 6
Xy + 5 Yo + > ks
Xo + h Yo + k3 k4
X1 Y1 =Yo+ 4Yyo ki .
h k, Ay, z_(k1+2k2 + 2K, +k4)

X + E Y+ ? k2 6




h k
X, +E Y, +?2 ks
X1 + h 1+ k3 k4
X2 Yo =Yy1+ 4y ki
k
X, +— Y, +?1 Ky
Ay, ~ %(k1 +2k, + 2k, +k,)
h k
X, +§ Y, +?2 ks
Xo + h Yo + k3 k4
Ipumep 2

. . 2X
CocraBb TaOIMIly 3HAUCHHUI QYHKIIMH Y, ONPEACIsIeMOl ypaBHeHHEM Y =Y ——  mpu

HavasbHOM ycioBuu y(0) =1, 0<x <1 npu h=0,2.

Pemenmne.

Hcnonb3ys hopmyasl (5) HaiizeM dncna:

=~
I

k, =h-f(x+h;

k, =h-f(x; y)=0,2-(1—¥):0,2

0,2

,=h- f(x +g; y+ k?zj =0,2- f(0,1,1,0918) = 0,1817

y+k,)=0,2-(0,2;1,1817)=0,1686

Orcioma Ay, ~ %(0,2 +0,3672 + 0,3634 + 0,1686) = 0,1832.

k,=h- f(x+g; y+k—21j =0,2-f(0111)= 0,2-(1,1—1—j =0,1836

Taxum obpazom y; = 1 + 0,1832 = 1,1832 nipu x = 0,2. Ilo 3TOM X€ CXeMe HAXOAUM )2 U T.1.

mponecC BEIMUCIICHUS BEAEM 10 CXEME:

X Y Ki Ay
Xo = 0 Yo =1 k]_ = 0,2
x +0=01 yo+Kiogg ke = 0,1838 1
0T, T o, T ’ Ayozg(k1+2k2+2k3+k4)
X +—=0,1 Yo +k?2 1,0918 ks =0,1817 =0,1832
Xo+h=0,2 Yo + k;=1,1817 ks =0,1686




X1 =0,2 Yi=Yot+ Ayo = k; =0,1690
1,1832

=03 +M=12677 | ke=0,1589 L
x1+5 , Y1 oo 2 =0, Aylzg(kl+2k2+2k3+k4)
X, + g =03 y, + k—22 =1,2626 | ks=0,1575 = 11584
x1+h=04 Y1+ ky=1,3407 ks =0,1488

=y1+ 4 k
X2 2=t AN ' Ay, ~ %(k1 + 2k, + 2k, +k,)
Coaep:xxaHue NpaKTH4eCKOH padoThl

1. Haiitn mo meromy Diinepa deTsipe 3HaueHUs (GYHKIHU Y, OTNPEACTISIEMOl ypaBHEHUEM

y' = x+ y, npu HavaubHOM ycioBuu y(0) = I, npuaumas h = 0,1,

x 01 | 02 | 03 | 04 | Omeem:
¥ 11 | 122 | 136 | 152
2. ITo merony Pynre — KyTTa mpouHTerpupoBaTh ypaBHeHHE V' =y —x° Ha MPOMEKYTKE

[1; 2], npu HavanbHOM ycinoBuu y(1) = 0, npunumas h = 0,1. B nepBbIX msaTH TOYKax.

Omeem:
X 0,1 0,2 0,3 0,4
y -0,1158 | -0,1501 | -0,1925 | -0,2397 | -0,2944
3. ITo meronmy Pynre — Kyrra npouHTerpupoBath ypaBHeHue 4y'= y2 +4x> Ha

npomexytke [0; 1], npu HavamsHOM ycnoBun y(0) = I, npunumas h = 0,1. Beruucnenue

BECTHU C TPEMs BECPHBIMH 3HAKAMMU.

Omeem:
X 0 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0
y -1 - - - - - - - - -
0,949 | 0,921 | 0,888 | 0,842 | 0,802 | 0,744 | 0,675 | 0,593 | 0,495
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